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It  is  demonstrated  that  weak  solutions  of  (1.1)  in  the  introduction  are 
continuous  in  their  domain  of  definition.  The  continuity  up  to  the  boundary 
is  also  investigated. 
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SIGNIFICANCE  AND  EXPLANATION 


The  singular  parabolic  equations  treated  here  serve  as  a  model  of  heat 
conduction  in  processes  where  a  change  of  phase  occurs,  such  as  water-ice, 
solidification  of  alloys,  melting  of  metals. 

Usually  solutions  of  boundary  value  problems  associated  with  these 
equations  are  found  in  a  global  sense,  i.e.  they  are  defined  as  equivalence 
classes  in  certain  Sobolev  spaces.  It  is  of  interest  to  decide  whether 
they  may  be  defined  pointwise  and  if  they  possess  some  local  regularity 
such  as  continuity. 

In  this  paper  we  prove  that  global  (weak)  solutions  are  in  fact  con¬ 
tinuous.  Moreover  we  study  under  what  circumstances  the  continuity  can  be 
extended  up  to  the  boundary  of  the  domain  where  the  process  takes  place. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


continuity  of  weak  solutions 

TO  CERTAIN  SINGULAR  PARABOLIC  EQUATIONS 


Emmanuele  Di  Benedetto 

1 .  Introduction ; 

In  this  paper  we  study  the  continuity  of  weak  solutions  of  parabolic 
"equations,"  with  principal  part  in  divergence  form,  of  the  type 

(1.1)  6 (u)  -  div  a(x,t,u,Vxu)  +  b(x,t,u,Vxu)  *  0 

N+l 

in  the  sense  of  distributions  over  a  domain  Q  in  1R 

Here  0(0  represents  a  maximal  monotone  graph  in  JR  x  JR  such  that  0  €  0(0), 
a  is  a  map  from  R  into  JR  and  b  maps  JR  into  JR  . 

Beside  their  intrinsic  interest,  inclusions  such  as  (1.1)  arise  as  a  model 
to  a  variety  of  diffusion  problems.  In  particular  they  comprehend  in  a  unify¬ 
ing  scheme,  free-boundary  problems  of  different  nature.  We  mention  specifically 
problems  of  fast  chemical  reaction  [5,  8,  9],  diffusion  in  porous  media 
[1,  3,  4,  13,  20,  27],  diffusion  in  porous  media  of  partially  saturated  gas 
[14,  25] ,  problems  of  diffusion  involving  change  of  phase  of  Stefan  type 
[1,  6,  13,  16,  18,  20,  28] . 

Here  we  deal  with  the  case  in  which  0(*)  has  a  jump  at  the  origin.  More 
precisely  we  assume  0(»)  is  given  by 

Bjfr)  r  >  0 

(1.2)  B(r)  =  ■  [-v,  0]  r  =  0 

.  &2 (r )  -  v  r  <  0 
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where  v  >  0  is  a  given  constant  and  B^f*)  i  =  1,  2,  are  monotone  increasing 
functions  in  their  respective  domain  of  definition,  a.e.  differentiable  and 

(1-3)  0  <  f*0  <_  B|(r)  <_  ,  i  =  1,  2 

for  two  positive  constants 

We  introduce  some  notation  and  make  precise  the  meaning  of  solution  of 

(1.1)  . 

N 

Let  0  be  a  bounded  domain  in  3?  of  boundary  30  and  for  0  <  T  <  » 

let  0^  £  0  x  (0 ,T] ,  0(t)  =  0  x  {t},  S  =  U  30  x  {t},  T  =  S  U  0(0). 

0<t<T 

For  q,  r  >_  1  we  denote  by  r(0T)  the  Banach  space  of  those  measurable 
functions  mapping  0T  •+  B,  with  norm  defined  by 

INI"  =/T  IH|r  (t)dt 

q«r,oT  o  q,o 

where 

q 

II  Vi  ||  (t)  =  /  |u(x,t)  |q  dx  . 

q,0  0 


When  q  =  r  =  2,  L  (0  )  coincides  with  the  Hilbert  space  L.  (0  )  whose 

^  *  1  ^  T 

inner  product  (•»•),  0  generates  the  norm  ||  •  ||  0  =  ||  •  ||  n  . 

Let  W2^^t)  ^enote  t^ie  Hilbert  space  with  inner  product 


(u'v)  1,0.  .  =  <u'v)2,o  +  l  <^T  '  _  ' 

W  '  (flj  T  1=1  l  i  2,0 


2  T 


while  W  '  ( 0^ )  denotes  the  Hilbert  space  with  inner  product 


(u,v)  1  1  =  (U,V)  10  +  (ft  '  ft0 

W^  <V  wJ'°(0T)  3t  9t  2,0t 
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Here  /  t~  denote  generalized  derivatives.  With  )  we  denote  the 

dt  2.  T 


.,1/1, 


space  of  those  elements  in  W2 '  (ft^)  whose  trace  on  3f!  x  (o,TJ  is  zero. 


Let  denote  the  Banach  space  of  functions  such  that  the  map 


t  u  ( •  #t)  is  continuous  with  respect  to  ||  •  ||  ,  and  the  norm  is  given  by 

2  til 


V*'0^)  0<t<T 


2  2 

=  sup  II  u  ( •  »t)  II  +  II  V  u  II 


2,0 


2 ,0 


where 


V  u 
1  x 


r  ,  3u  _8u 

L  '  Jv  1 


2,nT  i=l 


v3x.  '  3x . 

l  l 


2,f!„ 


From  (1.2)  it  follows  that  r  ->■  g(r)  is  a  relation  in  R  x  k,  whose 


,-l 


inverse  3  (•)  is  a  function. 


.,1/1, 


Definition;  By  a  weak  solution  of  (1.1)  in  QT  we  mean  a  function  u  e  (0T) 


defined  by 


u  =  g  (w)  , 


where  w  is  a  function  defined  in  such  that 


w  c  3(u)  , 


the  inclusion  being  intended  in  the  sense  of  the  graphs,  and  w  and  u  satisfy 


(1-4)  f  w(x,t)^  (x,i)dx  +  J  J  {-w(x,t)t^-  •f  (x,t)  + 


+  a(x, t,u,Vxu)  .  +  b (x, t ,u, V^u)^ }dxdr  =  0 


’  1 , 1 


for  all  *  <■  W2  (Q^)  ,  and  all  intervals  [ t:Q , t ]  c  (0,T) 
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If  u  e  V2,0^t^  so^ut;‘-on  a  boundary  value  problem  associated  with 

(1.1),  then  it  satisfies  (1.4),  the  boundary  conditions  being  specified  separ¬ 
ately.  We  remark  that  if  in  (1.4)  we  want  to  allow  t^  =  0,  then  along  with 
u(x,0)  =  uQ(x),  the  selection  w^fx)  c  3(uq(x))  must  be  given.  A  common 

device  consists  in  prescribing  uQ(x)  /  0  a.e.  in  fi  so  that  B(uq(x))  is 

unambiguously  a.e.  defined  in  (2. 

We  are  not  concerned  here  with  the  existence  of  weak  solutions  of  (1.1), 

for  which  we  refer  to  fl,  5,  6,  16,  18,  20].  Our  results  are  local  in  nature  and 

descent  only  from  identity  (1.4),  so  that  we  need  not  associate  (1.1)  with 
a  particular  boundary  value  problem. 

Our  goal  is  to  prove  that  a  weak  solution  of  (1.1)  is  continuous  in  Q  . 

For  this  we  introduce  the  auxiliary  function 

61(u(x,t))  ,  on  [u  >  0] 

V(x,t)  =  bq  (u  (x,t) )  =  ■  0  ,  on  [u  =  0] 

B2 (u(x,t) )  ,  on  [u  <  0]  , 

and  set 

w(x,t)  =  v (x , t)  -  v(x,t)x[v  £  0]  , 


where  v(x,t)  >_  0  is  given  by 


1v 

-w(x,t) 


(x,t)  e  [v  <  0] 
(x,t)  e  [v  =  0]  , 


and  x(n  denotes  the  characteristic  function  of  the  set  I. 

By  virtue  of  (1.3),  if  u  f  then  also  v  €  W^'^CH^),  and  it  will 

be  enough  to  show  the  continuity  of  v  in 
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•V 


i 

I 


Setting 


r, 


a(x,t,v,Vxv}  =  a{x,t,301 (v) ,Vx301 (v) ) 


b(x,t,v,V  v)  =  b(x,t,B  1 (v) ,V  B  1 (v) )  , 

X  ~  u  XU 


identity  (1.4)  can  be  rewritten  as 


(1.5)  /  (v(x,t)  -v  (x,x)x  [v  <_  0]  )¥»  (x,T)dx 


t  t 


/  /  {-(V(X,T)  -V  (x,T  )X  [V  <_  0]  ) 


t  t  SI 
0  0 


•  —  +  a(x,T,v,V^v)  •  V  +  b (x,t , v,V^v)^  }dxdx  =  0 


W  e  VI 2'  (fiT)  and  all  intervals  [t  ,t]  c  (0,T]  . 

The  above  can  be  viewed  as  the  weak  formulation  of 


(1.6) 


0(v)  -  div  a(x,t,v,Vxv)  +  b(x,t,v,Vxv)  3  0  in  D '  (fi  ) 


where  $(•)  is  the  maximal  monotone  graph 


(1.7) 


6(r)  =  < 


[0,-v] 


r  -  v 


r  >  0 
r  =  0 
r  <  0 


In  what  follows  we  will  assume  B(")  is  given  as  in  (1.7). 

Throughout  the  paper  we  will  make  the  following  assumptions  on  the 

coefficients  a  =  (a,,  a_,  ...»  a  )  and  b. 

12  N 


[A1] 


[a2] 


N+l 

3  ^ /  b  t  C [ xK  ]  f  i  "  If  2, 


l  ai  (x,t,v,p)pi  >_  CQ(i  v|  )  |  p  |  -  V0(x.t) 

i=l 
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*  # 


jai(x,t,v,p)  |  <_n0(|v|)|p|  +^1(x,t)  ,  i  =  1,  2, 


N  . 


|b(x,t,v,p)|  <_  u1  ( |  v  j  )  |  p  |  +^2(x,t)  , 


where  CQ(*):  1R+  ■*  ]R+  is  continuous,  decreasing,  and  strictly  positive 
W^*):  ]R+  -*■  1R+  are  continuous  and  increasing,  i  =  0,  1, 
and  the  ^  ,  i  =  0,  1,  2  are  non-negative  and  satisfy 


IV*2 


q,r,n 


’l  II  .  .  <  u2 

2q,2r,«T 


Here  u2  is  a  given  constant  and  q,  r  are  positive  numbers  linked  by 

1  N 

-  +  —  =  i  -  K 
r  2q 


q  e 


2(1 


N  1  -  "  1  1 

— '-J  ■  “  '“J 


,  0  <  <  1,  for  N  >_  2 


q  <  (1,»)  ,  r  e 


1  -  k,  '  1  -  2k, 


,  0  <  k^  <  —  ,  for  N  =  1 


We  can  now  state  our  main  result. 


Theorem  1 :  Let  { ]  -  [ A2 ]  hold.  Then  every  essentially  bounded  weak  solution 
u  of  (1.1)  is  continuous  in  fi  . 

If  (1.1)  is  associated  with  an  initial  boundary  value  problem  of  Dirichlet 
or  Neumann  type  then  under  suitable  assumptions  on  the  boundary  conditions  the 
continuity  of  u  can  be  extended  to  the  closure  of  For  the  precise  state¬ 

ment  of  those  results  we  refer  to  Section  5  Theorem  5.1,  5.2  and  5.3. 


Remarks :  (i)  By  the  local  nature  of  our  arguments,  in  Theorem  1,  the  function  u 
need  not  bo  defined  in  a  cylindrical  domain,  since  we  can  always  reduce  to  this 
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case  by  selecting  in  (1.4)  test  functions  supported  in  cylindrical  domains. 

Hence  for  the  purpose  of  proving  Theorem  1  one  need  only  to  assume  that  u  is, 

locally  essentially  bounded  in  Q  and  that  u  e  ^  (Q)  . 

I ,  ioc 

(ii)  It  is  of  interest  to  know  if  Theorem  1  holds  under  the  assumptions 
that  u  is  essentially  bounded  in  and  u  e  (0.^)  .  A  step  in  this 

direction  can  be  found  in  Section  6. 

(iii)  Assumptions  [A^]  -  [A^l  are  the  same  to  those  imposed  in  [18]  to  study 

the  Holder  continuity  of  weak  solutions  of  (1.1)  with  |3(r)  =  r.  In  this  con¬ 

nection  in  [22,  23]  it  is  observed  that  the  order  of  summability  p,  r  are 
optimal. 

If  r  -*  B(r)  is  a  monotone  a.e.  differentiable  function  satisfying  (1.3), 

then  the  local  Holder  continuity  of  the  solution  follows  from  the  results  of 

[18] .  See  also  [8,  9]  for  the  corresponding  free-boundary  problems. 

We  briefly  comment  on  the  regularity  results  at  our  knowledge  available 
when  Q(-)  is  monotone  and  singular  or  degenerate. 

For  N  =  1  and  b  =  0,  Fasano,  Primicerio  and  Kamin  showed  in  [15]  that, 

— V- 

under  suitable  assumptions  on  a(x,t,u,V^u)  ,  a  generalized  solution  of  (1.1)  is 
locally  Lipschitz-continuous  in  Holder  estimates  where  obtained  by  Cannon, 

Henry,  Kotlov  [10] . 

In  [14]  a  similar  result  is  obtained  for  a  degenerate  g(.)  of  the  form 


6  (r) 


8^^  (r)  r  <  0 

0  r  >  0  , 


where  2  (•)  satisfies  (1.3). 

For  N  >  1,  Caffarelli  and  Friedman  [3]  proved  the  continuity  of  nonnegative 
weak  solutions  of 


-7- 


3  oi 

—  u  -  Au  =  0  ,  0  <  a  <_  1  . 

This  result  has  been  improved  to  the  Holder  continuity  by  the  same  authors 
in  [4]  . 

Recently  Caf farelli  and  Evans  [2]  have  shown  that  weak  solutions  of 

x— ■  0  (u)  -  Au  i  0  in 
dt  T 

for  3 ( * )  given  by 

B.r  r  >  0 

8  (r)  =  ■  [-v,0)  r  =  0 

62r  r  <  0  , 

8. >  i  =  1/  2  positive  constants,  are  continuous.  Their  method  of  proof  relies 
strongly  on  the  properties  of  the  Laplacian  operator  and  the  absence  of  lower 
order  terms. 

Our  approach  is  completely  different  from  the  one  in  [2] ,  and  it  is  a 

natural  continuation  of  ideas  exposed  in  [12]  .  The  method  consists  of  a 

suitable  modification  of  the  parabolic  version  of  the  De  Giorgi's  estimates,  as 

appearing  in  Ladi jzenskaja-Solonnikov-Ural 1 tze va  [18]. 

The  main  idea  of  the  proof  can  be  described  somehow  euristically  as  follows. 

The  function  (x,t)  -*  u(x,t)  can  be  modified  in  a  set  of  measure  zero  to  yield 

a  continuous  representative  out  of  the  equivalence  class  u  e  if  for 

every  (Xg,t  )  r  '‘t  t^lere  exists  a  family  of  nested  and  shrinking  cylinders 

Q  (X„,t  1  around  (x„,t  ),  such  that  the  essential  oscillation  u>  of  u  in 
n  0  0  0  0  n 

Qn(xR,t^),  tends  to  zero  as  n  ->  <*>  in  a  way  determined  by  the  operator  in  (1.1) 
and  the  data. 
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The  statement  that  a  certain  quantity,  or  function,  defends  upon  the  data 
will  mean  that  it  can  be  determined  in  terms  of  N,  ( • )  ,  ,.(•)*  -^(*)»  v' ^  , 
i  =  0,  1,  2,  ,  r,  Kj  ,  the  jump  v  of  p  ( • )  and  the  essential  bound  of  u 

over  0  . 

T 

The  paper  is  organized  as  follows.  Section  2  contains  some  preliminary 
material  and  the  derivation  of  a  system  of  integral  inequalities  which  will  ba¬ 
the  main  tool  in  the  proof  of  the  theorem.  Sections  3  and  4  are  devoted  to  the 
proof  of  Theorem  1.  The  continuity  up  to  the  boundary  is  discussed  in  Section  5. 

Finally  in  section  6  we  show  that  if  u  e  )  is  a  weak  solution  of 

(1.1)  which  can  be  obtained  as  weak  ) -limit  of  certain  approximations 

of  (1.1)  (in  a  sense  to  be  made  precise)  then  in  fact  the  convergence  takes 
place  in  the  topology  of  the  uniform  convergence  over  compacts  of  u  . 

Since  the  arguments  are  technically  heavy  and  the  symbolism  is  quite- 
complicated,  an  effort  has  been  made  to  render  the  paper  as  self-contained  as 
possible . 

In  view  of  this  we  have  reproduced  certain  calculations  already  known  from 
the  literature. 

I  would  like  to  thank  M.  Crandall  for  several  helpful  discussions  on  the 
subject. 
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This  section  is  devoted  to  the  derivation  of  a  system  of  integral  inequal¬ 
ities  which  will  be  the  main  tool  in  the  proof  of  Theorem  1. 

Let  v  e  L  (Q_)  and  k  e  E.  Set 
q,  r  T 

(v  -  k)+  =  max{ (v  -  k);0}  ;  (v  -  k)  =  max{-(v  -  k);0) 


It  is  obvious  that  (v  -  k)-  e  L  (ft  „)  and  it  is  known  that  if 

q.r  T 

v  e  W^'^fft  )  so  does  (v  -  k)-,  (see  [19]). 

N 

With  B(R)  we  denote  a  ball  of  radius  R  in  ]R  and  if  x  -*■  v(x)  is 


defined  in  ft,  and  B(K)  c  o  we  set 


A*  R  5  {x  e  B (R) |v(x)  >  k} 
A^  R  =  {x  e  B(R) | v(x)  <  k] 


Also  let  <•„  denote  the  measure  of  the  surface  of  the  unit  sphere  so  that 
N 

N 

meas  B (R)  =  k^R  . 

From  now  on  (x,t)  -»■  v(x,t)  will  denote  a  weak  solution  of  (1.6),  and  M 
is  a  positive  real  number  such  that 

ess  sup  |  v)  <_  M 


We  will  think  of  (x,t)  -*•  v(x,t)  as  an  arbitrarily  selected  and  fixed 
representative  out  of  the  equivalence  class  v,  so  that  the  map 
(x  ,  t )  -►  v  ( x  ,  t )  f  1R  is  well  defined  V(x,t)  e  f2  . 

We  will  derive  a  system  of  inequalities  for  v  by  making  particular 
selections  of  the  test  function  * s  in  the  identity  (1.5). 

First  we  observe  that  since  v  r  (1-5)  can  be  rewritten  as 
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(2.1) 


v  (x,T  )  x  [v  <_  0]i£  dx 


/  /  v(x,t)x(v  £  0]  —  y  dxdt  + 


t 

0 

°1  1 

W  £  W2'  (fj^)  ,  and  any  interval  [t0#t]  c  (0,T]. 

Next  we  construct  the  test  functions  in  (2.1). 

Let  a^,  £  (0,1)  and  consider  the  concentric  balls  B(R)  and  B(R  -  a^R)  , 

and  the  cylinders  Q(R,A)  =  B  (R)  x  [tQ,t  +  ^  and  Q(R  ”  °iR'^  ~  ~ 

B (R  -  01R)  x  [tQ  +  °2X,to  +  A],  A  >  0. 

Define  cutoff  functions  in  Q(R,X)  as  follows 

(a)  ^  £  C  [Q(R,X)]  such  that  ?(x,t)|3B(R)  =0  Vt  £  [tQ,t0  +  X], 

C  (x,t  )  =0  Vx  £  B  (R)  and  £(x,t)  =  1,  (x,t)  £  Q (R  -  o.R,X  -  o.X)  ,  t,  >  0, 

U  I  2  dt 

|vxcl  i  (OjR)-1  ,  |£«|  5 

(b)  5  £  CQ(B(R))  such  that  £  (x)  =  1,  x  £  B(R  -  c^R)  ,  |V^|  £  (c^R)-1. 

For  any  cylinder  Q(R,A)  c  fl  we  make  the  following  selections  of  test 
function  in  (2.1) 

+  2 

<f  =  +  (v  -  k)  -  c 


/  {f—  +  a  (x,t  ,v,7  v) 

_  at.  x 


V 

X 


+  b (x,t ,v,Vxv)^ }dxdT  =  0 


-  / 


where  k  e  1R  satisfies 

(2.2)  ess  sup  (v  -  k)-  £  <5 

Q(R,A) 


for  some  6  >  0  to  be  selected,  and  (x,t)  -*■  £(x,t)  is  either  as  in  (a)  or  as 
in  (b)  . 

For  simplicity  of  notation  we  set 
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+  2  1  t  a  2 

/  v  (x ,  t  )  x  [  v<0  ]  [ + ( v-k ) - ] £  dx  +  /  /  v  (x ,  t  )  x  [v<0]  [+(v-k)-£  ]dxdi 

0.  t  t  Q  dt  - 

0 


(k / 1^ , t , £ )  ,  t  e  **"  ^ 


and  transform  and  estimate  the  remaining  parts  of  (2.1)  as  follows 


I  =  j  /  +~  v(v  -  k)-  l,2  dxdr  =jf  f  [  (v  -  k)  i]  2  dxdt  = 


2  *„  »  9‘ 


2  i  t  t 


=  m  ||  (v  -  k)i  C  ||  (t)  ~  /  /  t  (v  -  k)-]2  C  ~  t,  dxdi  . 


2'"  co  fco  n 


To  estimate  the  last  two  terms  in  (2.1)  we  take  in  account  the  assumptions 
[A^ )  -  [A^l  .  We  have 


u  ^  +  2 
Jl  ~  !  /  a(x,r,v,VxV)  •  V  C+  (v  -  k)-  t,  ]  dxdi  = 


N  t 


Iff  a  (x,t,v,V  v)  j— -  [+(v  _  k)-)C2  dxdi  + 


i=1  fco  11 


x  '  3x.  ' 

X 


+  /  /  a(x,T,v,V  v)[+(v  -  k)-]  •  V  ^  dxdr  >_ 


i  /  /  C0(M  )  l^x(v  _  k)"l  2  5  2  dxdT  “  /  /  v'0?2X[  (v  “  k)“  >  0]dxdT 

t  \i  t  S* 

0  0 


2  /  /  U  ( |  v  |  )  |  V  (v  -  k )  —  |  (v  -  k)-  c|V  c|dxdT 

£  P  u  X  X 

0 


2  /  /  V  (v-k)-  r.  |v  r  I  dxdr 

to'  x 

0 


r 

) 


t 

J->  =  /  /  b(x,  i  ,v,V  v)  [+(v -k)-]^2  dxdi  >  -  /  /  { j  v  j  )  i  7  (v  -  k)-' 

t  '  -  1 


+  ,  2 


t0 


(v  -  k)-  C  dxdt  -  /  /  v'  (v  -  k)-  dxdt 

t0  ' 


Since  ess  sup  |v|  <_  M,  from  the  assumptions  on  C  (•)  and  „  .  (•)  we  see 

lt 

c  (|v|  )  2.  C  (M)  ,  u^(|v|)  <_  ii .  (M)  ,  i  =  0,  1.  From  the  Cauchy  inequality 
2  -12 

2ab  <  ea  +  c  b  we  have 


2  /  /  h0(M)  |Vx(v  -  k)-|  (v  -  k)*  IdxcT 


t0  n 


£  £  /  /  J  V  (v  —  k)ij2  Z,2  dxdt  +  e  /  /  [(v  -  k) -] 2 ] V  y,  |2rixri: 


tQ  .2 


*0  s: 


and 


2/  /  v'  (v  -  k )  -r.  J  V  c|  dxdt  <_  /  /  [  (v  -  k)  i ]  2  !  V  r.  i  2cixd  ; 


+  /  J  v'2  C2W  (v  -  k)-  >  0  ]  dxd  i 


to  ! 


In  estimating  the  integrals  in  wo  recall  (2.2),  so  that  combinii 

estimates  for  and  J we  obtain 
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t  ii  Cl  t 


dxd  i 


J,  +  -  U;0(M)  -  t.  -  tf:.  (M))  /  /  V  (v  -  k)-|2  -2 

tQ  X 

-  (‘-"11;2{M)  +  1)  !  /  [(v  -  k )  - ] 2  |  7  'j2dxdi  - 

0  ‘t  \  x 
0 

-  /  /  tv  0  +  5v  ^  +  v'jl^xKv  -  k)i  f  0]  dxdi 

fco  r: 


Next  we  estimate  the  last  integral  above  in  terms  of  the  measure  of  the  set 
[  (v  -  k)-  0],  by  employing  the  assumption  [A^]  .  We  set 

Ap  (t)  -t  {x  i.  B(R)  J  (v  -  k)-(x,i)  >0} 

K  f  K 

Then  by  the  Holder  inequality 


2,  2 


J  =  /  /  [y'0  +  Gy  2  *  Xt(v  "  k)_  •'  0 ]  dxdr  <_ 


£  max  [1 ,6]  |[v? 0  +  v'2  + 


q,r,0T 


A  ,  *  r-1 

2±JL.  ^  — 


u  _ 

/  [meas  A-j  ( t ) ]  q  r 

K  /  K 

o 


dr 


Setting 

(2.3) 


_  2g(l  +  k-)  _  2r  (1  +  Q 


q  -  1 


r-1 


2  k- 


J  <_  max  [1,6]  j|v5Q  +  y  2  +  v'2  |j 


»  r .  0 


^  /  [meas  a£  R(r) ]q  di 

Lo 


-  (1  +  -) 
r 


1  N 
Since  —  +  — 

r  2q 


1  -  *  wc  have 
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(2.4) 


1_  _N_  N_ 

r  2q  4  ' 


and  the  admissible  range  of  r  and  q  is 


’  q  • 

(2, 

2N 

N  -  21 

r  i. 

[2,-")  for  N  3 

q  - 

(2, 

')  ,  r  t 

(2,-) 

for  N  =  2 

l  q  - 

(2, 

00  )  ,  r  • 

(4,0 

,  for  N  =  1 

In  the  estimate  of 


(2.6) 


J,  +  we  choose 

1  2 


r  c°w> 

c  =  - - -  6  =  min 


cow 

4u  (M) 


1} 


so  that  collecting  all  the  previous  estimates  we  obtain  the  inequalities 


t 

(t)  +  / 


/  |V  (v  -  k) i | 2  C2  dxdx  < 

n  x 


V' 

(t0)  +  7  /  /  [(v  -  M-]2(|V  c|2  +  C 

u  t  q  x 

C0 


)  dxdt 


+ 


+  y 


vx 


(meas  A-  (x )  ] ^  dx 
k ,  R 


~  d+O 


+  4>-(k,t0,t,O  ,  vt  .  [to,to+l] 


where  y  is  a  constant  depending  only  upon  the  data. 

These  inequalities  are  valid  for  every  cylinder  Q(R,A)  c  and  every 

k  <•  1R,  satisfying  (2.2)  with  the  choice  (2.6)  of  the  parameter  5. 
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-  v  -  s  .. 


If  wo  select  the  cutoff  function  (x,t)  -*  ;(x,t)  as  in  (a)  we  see  that 


there  exists  a  constant  y,  dependent  only  upon  the  data,  such  that 

,  2 


(2.7) 


(v  -  k)  -  j 


I  1  n 

V2*  [B(R  -  01R)  x  (tQ  +  C 2  * ,tQ  +  )] 


1.  1  t  (olR)-2  +  (c*2>. ) _1  ]  ;[  (V  -  k)- 


2 ,Q (R, •) 


V1 


r  I  -  (1+k) 

j  (meas  R  (t  )  ) ll  dr  ^  + 


'0 


sun  J  (k,t  , t)  . 

+  U  a 


where  }-(k,t  ,t)  coincides  with  t-(k,t  ,t,£)  if  C(x,t)  is  selected  as 

cl  U  0 


in  (a)  . 

Choosing  now  x  -+  c(x)  as  in  (b)  we  have 


(2.8) 


2  2 

(v  -  k)-  ii  +  ||  7  (v  -k)-  || 

2'A-k,R-0lR(t)  S.QlR-a^M 


i  II  (v  -  k) - 1, 


+  +  l  (O  R)  2j|  (V  -  k)-  II 

2,A-(R(t0)  2 ,Q (R, X) 


(  V' 

J  [meas  a£  (x) ]  1  dx 

to 


r  /  -  (1+k) 
r 


+  *b(lt,Vt)'  £  [t0't0+* 1 


with  the  obvious  definition  of  1’- (k  ,  t  ,t)  . 

b  0 

Roughly  speaking,  inequalities  (2.7)  -  (2.8)  supply  some  local  control  on 
ttiat  part  of  the  graph  of  v  which  lies  above  (below)  the  hyperplane  v  =  k. 
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Consider  a  region  0  c  J2  such  that 

T 

meas[(x,t)  e  Ofv(x,t)  ^  0]  =  0 

Then  for  every  cylinder  Q( P,X)  <=  Q ,  $-(k,t0,t)  =  0,  hence  by  choosing 

the  cutoff  function  c(x,t)  as  in  (a)  and  as  in  (b)  ,  we  see  that  the  functions 

+ 

(x,t)  -*■  (v  -  k)-(x,t)  satisfy  inequalities  (7.1)  -  (7.2)  of  [18]  page  110. 

By  virtue  of  the  embedding  theorem  7.1  of  [18]  page  120,  this  implies  that 
(x,t)  -►  v(x,t)  is  Holder  continuous  in  every  region  O'  c  0.  An  analogous 
argument  holds  for  regions  0  such  that  meas[(x,t)  e  0|v(x,t)  >0]  =0. 

Because  of  the  presence  of  the  term  4>- (k  ,  t^  ,t )  ,  we  do  not  expect  that 
inequalities  (2.7)  -  (2.8)  imply  the  continuity  of  the  solution,  without 
additional  informations  contained  in  the  identity  (2.1).  This  is  the  role  of 
the  next  two  lemmas. 

+  2  0 
Let  6  €  K  and  consider  the  cylinders  Q(R,6R  )  =  B(R)  *  [t  ,t  +f-R“]  and 

Q(R  -  c^R.SR2)  =  B (R  -  a1R)  x  [tQ,t:0  +  0R2]. 

2 

Lemma  2.1.  Let  5  (x)  be  a  cutoff  function  in  Q(R,0R  )  chosen  as  in  (b)  .  Ti>- 
there  exists  a  constant  C(M,0,v)  such  that 


//  ?  |V  v|2  5 2 (x) dxdt 

Q(R,9R  ) 


_  C(M,9,V)  _N 

^  - r -  K  R 

-  2  N 


\  v  2  , 

Proof :  In  (2.1)  select  the  test  function  q  =  e  C  (x) ,  where  >  0  will  b. 

2 

chosen  later.  For  all  t  c  [t^,t  +  OR  ]  we  have 


it  t 


/  v  (x,x)x  [v  <_  0]^  dx  -  /  /  v(x,i)\[v  <.  0]  j-  v  o  V  ( 

n  I  4-  *.  o  t 


x ) dxd ; 


t„  t„  SI 

0  0 


/  V  (x,T )  X  [V  <_  0]e  Av  C2  (x)dx  +  '>  /  /  ^  (e  V  -  1)  •  -~(x)dxd- 


3  -'v 


fco  fco  ‘ 
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This 

terms  of 
On  t  i 

yield 


.Selectin'} 

constant 


f 


W»  r  > 
1=0,1, 


t 

term,  and  the  term  f  /  •—  v  v  dxdt  ,  can  be  easily  dominated  in 

to  L 


C-  R  where  C  depends  upon  M,  5  and  v . 
d 


?r  hand  using  the  assumptions  [ A ^ ]  -  [A^]  ,  standard  calculations 


I  I  {a  (x,  i  ,v,'.’xv)  V  v'  +  b(x,T ,v, v^v)^ }dxdt  >_ 


^  n  ~ 

M)  -  e  -  nj  (M)  1  /  /  °'V|^XV|  C  (x)dxdi 

fco  " 


/  /  ('V  +  v  )^2(x)dxdT  -  So'*1  /  /  ^  c|v?|dxdi  - 

t  S  u  ^  t  ,,  i 


'0  • 


4  2  AM  /  r  |  /2 

-  -  ,.()(M)e  J  /  [Vcl  dxdt  . 


t  =  “i(M>  and 
C  depending  upon  M  such  that 


(M)  we  conclude  that  there  exists  a 


-  ‘V)  //  2  iVxvi2  r.2(x)dxdr  iC»NRN  + 

,'(K,  'R  ) 


V;R 


2,  2 


t  +  rhR 

0 


f  /  fv  c  +  y  2  +  v'^c  (x)dxdr  +  J  J  j  V4 1  dxdt 


)cal 1  that  5  V r |  <  (o^R)  *  and  treat  the  integral  involving  the  v 
a.,  previously,  to  obtain 


rr 


,2  2  ,  ,  ,  ,  C  M,  ,d  N 

;  v  |  r  { x )  dxd  i  < - - - e  R 

1  x  1  -  2  N 

,  (R,  t  <  ’j 


-1R- 


This  inequality  will  be  employed  to  prove  the  following  lemma. 

Lemma  2.2:  Let  k  e  ]R+,u  ess  sup  (v  -  k)  and  0  <  n  <  u 

Q(R,0R2) 


y(x,t)  =  in 


u  -  (v-k)  +  n 


=  max  ■(  In 


u  -  (v-k)  +  n 


;  0  )  , 


then  there  exists  a  constant  C  =  C(6)  such  that  for  all  t  e  [t  ,tQ  +  6R  ^ 

/  t|>2(x,t)dx  <_  /  i^2(x,t  )dx  + 

B (R-0  R)  B (R) 


+  _£_  (i  +  *n^)(l  +  • 


Remark :  For  simplicity  of  notation  we  will  use  the  same  symbol  for 


<l>  (x,t) 

and 

ij/(v(x,t)).  In  what  follows 

will  mean  \p. 

dv 

Proof : 

In 

(2.1)  we  select 

2  '  2 
*  =  on  c 

(x)  , 

where 

C(x)  is 

chosen  as  in 

(b)  . 

It  is 

apparent  that 

V>  e  W^1  («T)  , 

and 

that 

d2)  "  =  2(1  +  0»)  (i/)2. 

Since 

d2) 

1 

vanishes  at 

those  points 

(x,t) 

€ 

where  (v 

1  \  + 

-  k  )  <_  n» 

-3 

V 

o 

the 

terms  involving 

v (x,t)x (v  1 

0]  in  (2.1) 

does  not 

give  any 

contribution.  The  term  involving  —  v  gives 


/  /  —  v(i^j2)  (x) dxdi  =  J  ^  (x,t);z  (x)dx  j 

t„  ii  3t  n  lfcn 


We  estimate  the  remaining  terms  as  follows 


5 


/  /  a  (x,t  ,v,7  v)  {2  (1  +  ;■)('>')  2  7  v 


2  „  ..  , 2  ,  2.  ■  _  2 


(x)  +  {£  )  7c  (x)  }dxdT  > 


— (-*'1)  /  /  (1  +  1')  |  7  |  2  c2(x)dxdx 

0  -1 


/  V'  (X,T)  (1  +  v)  C>')2  ~2 


C  (x)dxdi  - 


t 


4>-0(M)  /  /  ;  j  7  v  j  C  (x)  ^  j  7c;  |  dxdi  - 

fco  ;: 


_  r 


/  s?,  (x,r)  (’C'2>  |  7  C2(x)[dxdx 


—  -  L)  /  /  (1  +  C')jv  ;.  |  C2(x)dxdi  - 


L 

!  /  Uv  ')2  < p.(x,i)  (1  +  7)C2(x)  +  v'  (X,T)  |Vc2j  (v2)  ')dxdt  - 

j_  r*.  X 


o  “ 


/  /■  1  (4u0>"(M)  ^  |  V  r,  |  2  dxdi  . 


For  the  low'-'r  order  terms  we  have 


/  |b(x,  •  ,v,V  v)  (,2)  :.2  (x)  j  dxdi  <_  2t  (M)  /  / 


to  f; 


I  Vxv I  S  (x)dxd: 


+  /  /  v2(x,t)  (.“) 


2 

t 


(x) dxdi 
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Since 


W|V  v[2 

1  X  1 


1  1 

,2|Vx.jv2|Vxv|  we  have 


2U1(M)  /  /  W’|V  v|  C  (x)dxdt  <_ 

1  t  Q  x 

0 

t  2 

<  £  /  /  (1  +  0)  |V  ;  (x)dxdT  + 

*0 

+  e_14y2(M)  /  /  <J)|V  v|2  ;2(x)dxdT 

Q  * 

0 


Collecting  the  previous  estimates  gives 


/  '4>2  C2(x)dx 


+  [2C  (M)  -  2c]  f  f  (1  +  |  V  -^|  2  £ 2  (x) dxdi  <_ 


tQ  a 


<2  j  j  { * )  2  (1  +  <);)  t^0  +  <f\]  +  W  s?2}?2  (x)dxdT  + 


+  [2  +  e_1  4  (4u~  (M)  +  U2(M))]/  /  ip{|V  v\d  ^(x)  +  |V  t|^}dxdT  . 


2  2  , 


to  n 


We  select  c  =  CQ  (M)  and  observe  that  since  h  <  U  ,  ^  and 

i|<  <  £n  — .  Moreover  we  recall  that  j  V  j;  |  <  (o1R)  and  lemma  2.1  in  estimating 
—  n  1 

the  last  term  in  the  inequality  above.  This  yields  the  existence  of  a  constant 
C(M,v,9)  such  that 
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■v 


/  v~  (x)dx  i 


=  l2 


(1  +  in  -  )  { 


V6R 


■if 

n  t. 


/  [v  +  v  +  v  f  ]  oxd : 
B  (K)  ^ 


+  kNR 


-A  <!  *  "■  $ > !  1. . 

i  |  n  q,r,n, 


-d+K)  ~(1+K)-1 

r  Kq 

N 


1 


N+Nk  N 

+ 


Th.s  proves  the  lemma. 


Remarks :  (l)  If  k  ^  0  and 

holds  i't-.r 


>  ess  sup  (v  -  k)  ,  then  an  analogous  lemma 


. (x,t) 


+ 

■  n 


-  (v  -  k)  +  >, 


0  <  n  < 


The  proof  is  the  same  except  for  minor  changes. 

(ii)  The  proof  shows  that  C(p)  increases  with  0.  We  will  use  lemma  2.2 
with  0  -  _  1  and  C(v)  replaced  by  C  =  C(l). 

Wc  report  a  lemma  due  to  De  Giorgi  [11]  which  will  be  used  as  we  proceed. 

Lemma  2.3  (Do  Giorgi)  :  Let  v  --  W^(B(R))  and  let  k,f  be  real  numbers  such 
that  ■■  k.  Then 


N+l 


12.9) 


( .  -  k) meas  A 


,  R  —  meas  (B  (R)  ’ 


VP 


I  V V  dx 


A,  \  A 
k ,  R  - 


i  R 


where  D  is  a  constant  depending  only  upon  the  dimension  N. 
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Inequality  (2.9)  holds  for  domains  other  than  balls.  We  refer  to  [18,19] 
for  details  noticing  for  later  use  that  it  is  valid  for  convex  domains. 

Finally  if  Q  is  a  cylindrical  domain  in  IRN+\  denotes  the 

subspace  of  of  functions  whose  trace  is  zero  on  the  lateral  boundary 

of  Q,  equipped  with  the  same  norm  as  IQ) . 

The  proof  of  the  following  embedding  lemma  can  be  found  in  [18]  page  74-77. 
°1  0 

Lemma  2.4:  If  v  e  V„ '  (Q)  then  v  e  L_  ( Q)  where  q,r  satisfy  (2.4)  - 
’  —  — .  2  91  /  f 

(2.5).  Moreover  there  exists  a  constant  B  depending  only  upon  the  dimension 
N  such  that 

(2.10)  II V  II  <6|vj 

q,r,Q  vJ'U(Q) 

If  q  =  r  =  2  then 

1 

(2.11)  ||  v  ||  <_  8  [meas  [  |  v  (  ?  0]  n  Q]N+2  |v| 

2,Q  V^'  (C) 

If  vc  V^'^Q)  then  (2.10)  is  still  valid.  Moreover  if  p  =  r  =  2  and 
if  2  ;  3  *  (0,T) 

1 

(2.12)  ||  v  ||  £  C  [meas  [  |  v|  f  0]  n  QJN+2  |  v] 

2  ,Q  v2  '  (Q) 

N  _1_ 

,  2  . -1  N+2 

where  C  =  2&  +  (T  meas  ) 
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3 .  The  main  proposition: 


Throughout  this  section  we  let  (x^,t^)  t  >  0  and  for  R  >  0,  Q 

will  denote  the  cylinder 

2r  e  {ix  '  xot  <  R}  x  [to  ‘  R2,to]  * 

Let  Rq  •-  ~  be  so  small  that  Q^R  <=  ,  set 

0 


y  =  ess  sup  v 
22R. 


-  ess  inf  v 
22R_ 


and  denote  with  w  any  positive  real  number  such  that 


2R  >  u  >_  ess  osc  v  =  y  -  y 

C-s 


2r 


0 


For  k  •  1R  and  0  <  R  <_  2r^  we  set 


QR(k)  •:  {(x,t)  ;  QR|v(x,t)  >  k} 
QRCk)  i  {  (x,t)  r-  rR;  v(x,t)  <  k } 


Finally  we  let  s  denote  the  smallest  positive  integer  such  that 

2M 

(3.1)  —  v  >  ,  s  -  ;  , 


where  5  is  the  number  introduced  in  (2.d). 

The  goal  of  this  section  is  to  prove  the  following  result 

Proposition  3.1:  Let  w  be  any  positive  number  such  that 


2M  > 


OSS  OSC  V 
22R„ 
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Then  there  exist  numbers  s  e  W,  A,  a  >  1,  h  >  1,  f  <  1  such  that 

U  " 


ess  osc  v  <  u(l  - 


where  R^  =  £^(2Rq)  ,  provided  that 


,VAA) 


Sq+A/cj 


a  -  (2V 


N* 

2 


The  numbers  s  ,  A,  a,  h,  5.  depend  uniquely  upon  the  data  and  not  upon  R 
U  *  0 

nor  w. 

Without  loss  of  generality  we  may  assume  that 


(3.2) 


Win 


If  the  reverse  inequality  holds  the  arguments  are  similar.  Also  we 
will  assume  that 


(3.3) 


+  -  u> 

ess  osc  v  =  u  -  u  > 


s-1  ' 


2R„ 


and  treat  later  the  case  u  -  u  <  — — r  • 

—  I 

2S 

Notice  that  (3.2)  -  (3.3)  imply  that 


(3.4) 


/  -  >  |JsL  +  u"|  >0 

2S  2S 


Observe  moreover  that  we  may  assume 


(D 


H  =  ess  sup  (v  -  (u  +  —  ))  >  - - 

Q  2S  2S+1 

Ro 
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Indued  i  f 


O')  is  violated 


-  ess  inf  v 

Q, 


u>  i»i 

<  -  u - + 


.  s  s+1 


R 


0 


and  adding  ess  sup  v  on  the  left  hand  side  and  p  on  the  right  hand  side  we 

£r. 


0 


obtain 


OSS  OSC  V  <  J){1  -  - —  ) 

o  ~  2S+1 

R0 


and  Proposition  3.1  becomes  trivial. 

Proposition  3.1  will  be  a  consequence  of  a  series  of  lemmas  which  we  state 
and  prove  independently. 


Lemma  3.1:  There  exists  a  number  c  depending  only  upon  the  data  and 


independent  of  u  and  RQ  such  that  if 


mcas  Q  (;,  +  )  <cQ 

0  2 


2k, 


N+2K 


1  N+2 

k'nro 


then  either 


u: 


li  =  os.-  sup  (v  - 


<“  +irn  ±R0 


Nic 

2 


(li) 


m-  as  Q  (..  +  -  -  II)  =  0  . 

R0  2  s  2 


tiumb'-r  arpoaririg  in  th<  assumptions  f A ^  ]  -  [A.,] 


V-/ 


Proof  of  lemma  3.1:  Consider  inequalities  (2.7)  for  the  function  (x,t)  -*■ 

-  -  (J 

u  .1  k  u  +  —  in  the  cylinders  QR  ,  0  <  R  £  RQ.  Notice  that  in  view  of 

ess  sup  (v  -  k)  <  —  <  6 

Or 

so  that  the  use  of  (2.7)  for  y  <  k  <  y  +  ——  is  justified. 

“  “  2S 

2 

We  estimate  $  (k,t  -  R  ,  t  )  in  (2.7)  by  distinguishing  the  cases  of 
a  u  u 

k  <_  0  and  k  >  0. 

2 

If  k  _<  0  then  <J>a(k,tQ  -  R  ,  tQ)  =  0. 

If  k  >  0  we  have 


~  2  —  2 

$a(k,tQ  -  R  ,tQ)  =  -  /  v (x,t)x  fv  £  0]v  c  (Xfi)dx 


VR 


k  /  v(x,t)x[v  <_  0]^  (X/t)dx 

n 


t()  to 

2  +  /  2  /  v(x,T)x[v  £  0] (v  -  k) 

S'*  fco_R  n 


3t 


2  0  3  -2 
C  (x, t) dxdx  +  /  f  v  7— -  v  5  (x,x)dxdx  £ 

VR  0 


2  v  J  j  (v-k)  -rr  Z  (x ,  x)  dxdx  -  v  /  /  v  (x,t)  (x,x)dxdx 


3  2 , 


VR  n 


at 


VR  n 


at 


If  (x,t)  -*  c(x,t)  is  selected  as  in  (a),  ^  0  so  that  v  i;  >_  0  and 


*"<k,t  -  R  ,tQ)  <  ~~  j  /  (v  -  k)“  dxdx 

3  a  Q 

2  *R 
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(v-k) 

(3.1) 


-V 


Obviously 


Construct  smooth  cutoff  functions  x  -*  c,  (x)  as 

n 


U)  en(x)  =  1 


x  -  x.  <;  R  , 

1  01  n+1 


(ii)  £n(x)  =  0 


iX  -  Xol  >  2  [Rn  +  W 


=  R 


,n+4 


(iii)  | Vcn (x) |  <2  /RQ  . 


For  simplicity  of  notation  set 


k—  ■  tu 

,  —  U  +  - 

1  2s 


Our  purpose  is  to  apply  (3.5)  to  the  pair  of  cylinders 
decreasing  levels 

kn  =  (kl  "  \  H)  +  "77  H  '  n  =  1,  2,  . 
which  as  easily  verified  satisfy 


w  —  kn  ^kl  • 


Set 


y n  =  /  /  I (v  -  kn)  dxdi  and 

Q-r> 


'°  - 
}/  2  [meas  Ak  R  (T)]q  dT 

t  -R  n'  n 

0  n 


IT 


follows 


CR  and 
n 


—  'O- 


II  ot 


As  n 


/  -*•  Y  =  / 

n  ^  J  * 


[  (V 


(kl  "  2  H))")2  dxdT 


z  +  z  -  \ 

n  co 


,2  [meaS\  -±H.R  /2(I)]  dT 


0 


1  2  '  O' 


fcO_  4 


00  oo 


Therefore  the  lemma  will  be  proved  if  we  can  show  that  y_  = 
Claim:  The  numbers 


Y  = 


n  h2rN+2  '  n  N  ' 


satisfy  the  recursion  inequalities 


[I] 


Y  < 


C25n 


n+i  -  H 


Y  N+2  +  YN+2  Z1+< 
n  n  n 


[II] 


Z  < 


525n 


n+1  -  H 


1+K 

Y  +  Z 
n  n 


where 


C  =  2 1 2  3  2 y 


0 


Here  3  is  the  constant  appearing  in  the  embedding  lemma  2.4,  and 

■  =  max{v , (1  +  y) (2M  +  6) }. 


We  remark  that  C  depends  only  upon  the  data  and  the  dimension  N 


-30- 


■4 


Proof  of  the  claim:  We  use  here  the  method  of  [18]  page  106.  Set 


P  =  /  [meas  aT  -  (T)]dr 

n  2  n+l'Vl 


t-R  , 
0  n+1 


and  observe  that 


-2  I  2n+1  \2 

P  <  (k  -  k  )  z  y  =  y 

n  —  n  n+1  n  l  H  /  n 


By  virtue  of  lemma  2.4  applied  over  the  cylinder  we  have 


(3.6) 


yn+!  -  /  /  t(v  *  kn+l)r^n(X,dxdT  - 


Estimate  of 


<  62  pN+2  I  (v  _  k  )  ~  C  I 
-  „  k„+i>  n 


(v  -  k  )  C  L  .  _  : 

n  ' 0 (Q  ) 


(V'  W  V1 ' °  (Q  )  V'°(§  )  + 

2  v*n;  2  V*R 

n 


+  2  /  /  [(v  -  kn+1f]  |v;n(x)|dxdT 

1 


J(1)  +J(2) 

n  n 


(2) 

For  J  we  have 
n 


J(2)  <  4R~12n+4  /  /  {  [(v  -  k  f  1%  (k  -  k  >^}X(v  < 

n  —  0  >  1  n  n  n+1 


.  -,2 


n+1 


*N 


O  Tn+4 

8  2  y 

n 
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)  dxdT 


In  order  to  estimate  we  use  inequalities  (3.5)  for  the  pair  of 

cylinders  and  Qr  .  Notice  that  in  this  connection 

n 


,  -2  -2  2  (n+4)  ,  2-1  -2  n+3 

(O.R  )  =  RA  2  ;  ( 0  R  <  Ra  2 

In  0  2  n  0 


so  that  from  (3.5)  we  deduce 


( 1 )  2y  2  (n+4 )  c  ft/  \  .  2.  .  l+< 

;  i  2  2  /  /  !(v  *  kn+1>  1  dxdT  +  y  2n  + 


" 


v2 


n+4 


/  /  (v  -  kn+1)"  dxdr  <_ 


R„  Q 
0  *R 


87  2 (n+4)  1+k  v  n+4  r 

<  —  2  y  +  y  z  +~2  H  {  .  [meas  A 

n  n  2  J  2 

R0 


-  2 

R 


t  -R2 
0  n 


k  •,  R 
n+1,  n 


(T)]dx 


Since 


0 

/  tmeas 

0  0 


-2  (2n+d ) 2 

k  ,.R  <T,,ai  i  "■»  -  Vl>  2—  »„  • 

n+l  n  H 


since  H  -  2M  +  ,r,  setting  y  =  max{v,(l  +  y)  (2M  +  M}  above  yields 

o,1.04  3(n+l) 

/i)  8(1  2  2  1+fc 

J(1)  < - -_a - {y  +  R2  Z1+K}  . 

n  -  r2h  non 

Combining  the  estimates  for  and  we  have 


(3.7)  {  (v  -  k  ) 


i 2  .  V'3,  , 

,V"  "o  ■* 

2  n  0 


Kstimate  of  Y  Wo  carry  (3.7)  in  (3.6)  and  employ  the  estimate  of  P 

n+1  n 


obtain 
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to 


■j 


Vi « 


H 


2  - 


RoH 


1  + 


N+2  /  v N+2  2  1  +  k 

y  \  R„  z 
n  On 


H 


and  dividing  by  R 


N+2 


v  <  k5" 

n+1  -  H 


1  +: 


Nk 


Y  N+2  +  yN+2  zl+<  20_ 
n  n  n  h2 


rNk 

2  Nk  0 

Now  if  H  <  Rq  i  — <  1  and  HI  is  proved. 
H 


To  prove  [II]  observe  that 


z  .  (k  -  k  .  ) 2  =  (k  -  k  .  )2 

n+1  n  n+1  n  n+1 


0  —  ,  r 

/  .  [meas  A~  (x)]q  di ^  < 

VRn+l  n+1'  n+1 


<  (v  -  k  )  C 
—  "  n  n 


q,r  >2_ 


<_  by  the  embedding  lemma  2 .4  <_ 


I  S2  |(v  -  k  >"  cl... 

"  ^ °v 


The  last  term  is  estimated  in  (3.7)  so  that  [II]  follow  at  once. 

Proof  of  lemma  3.1  concluded; 

By  lemma  5.7  of  [18]  page  96,  there  exists  a  number  V  '  0  such  that  i c 


Y]  <  '  ;  Z] 


1 

1+K 


then  the  recursion  inequalities  [I]  -  [II]  implv  that  Y  ,  2  v  0  as  n  -  > . 

n  n 

From  [18]  setting 
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1 


r  ^ 


and  remark  that  b  depends  only  upon  the  data  and  not  upon  u  nor 

V 

Remark :  By  selecting  in  inequalities  (2.7)  the  constant  y  large  enough, 
we  see  that  in  [X]  -  [II]  the  constant  C  can  be  made  as  large  as  we  please 
so  that  without  loss  of  generality  we  might  assume  that 


b  1 

c„  u  <  —  • 

0  —  2 


Suppose  now  that  the  assumption  of  lemma  3.1  fails;  then  since 


+  W  |  00 

V  ~  ~  >  I—  +  V 
2S  2S 


+  .  +  00  N+2  ~  N+2 

»e«s  S  -  —  >  <<„  K0  -  %  %  R0 


<l  -  9oN  C2 


Lemma  3.2;  Suppose  that  k  e  TR  and  that 


meas  qJ  (k)  <  (1  -  9q)kn  r"+2 


then  for  every  a  e  (0,9  ),  there  exists 


T  €  Cto  "  VS  ■  ' 


such  that 


1-0 


0  N 
<c  ..  R„ 


meas  A  _  (t)  <  —  , 

k  .  Rq  -  1  -  a  N  0 


I 

I 
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2  2 

Proof  of  lemma  3.2:  If  not,  for  all  t  c  [tQ  -  ^qi^q  ~  aRQl 


+  ,  >  1  “  90  „N 

meas  A^Ct)  >  *N  R0  and 


V“Eo 


meas  Q  (k)  /  „  meas  A,  „  (i)dr  > 


2  \  R  (T)dl 

t0'R0 


We  will  choose 


>  (i  -  e  )<  r^+2 

0  N  0 


9o  cou 


and  use  the  previous  lemma  for  the  levels  k  =  y+  -  —  ,  Vp  >  s. 

2P 

„  b 

0  C  ixJ 

Lemma  3.3:  Let  a  =  —  =  -  -  -  and  consider  the  cylinder 


{jx  -  xn|  <  R 


0  ' 


■'  [to  ‘  ;‘W 


There  exists  pQ  -r  IN  dependent  upon  (and  hence  .. )  such  that  if 


—  n 


,  tn.en 


meas  A  (t)  <  [1 

+  oO  _ 

U - '  Rn 

/o  » 


\  2  j  1  N  R0  ' 


for  all  t.  ■  [t 


■w- 
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Proof  of  lemma  3.3:  Consider  lemma  2.2  applied  to  the  function 


(x,t)  (• 

for  n  =  ■ 
in  lemma 

therefore 

(3.8) 


Let 


v  -  (u 


(x,t) 


in  the  tv]  inti  or 


\  E  {ix  -  V  "  V  *  fr'V  ' 

—  ,  p  ^  s  +  2.  Here  t^  -  R^  <_  t  <_  tQ  -  ctR^  is  the  number  claimed 
3.2.  Notice  that 


ess  sup  (v 

T 


,  +  CO  .  +  CO 

2  2 


tfR 


0 


for  all  t  <■  f  r  ,  t0 3  lemma  2.2  gives 


in 


B(VaiV 


u) 


—  -  (V  -  (u+  -  —  ))+  +  — 

2S  2S  2P 


(x,t)dx  < 


£n 


B(V 


co 

.  s 


-  (v  -  (u+  -  ))+  +  ^ 

2S  2S  2P 


(x, i)dx  + 


/  - 

C  f  2S 

+  — r-  't  1  +  £n 

Z  i  io 


1  + 


V 


Nk  \ 

2  N  0 


2P  / 


i  u  \  / 


Nk 


p  >  p  to  be  selected,  then  if  — —  ^  R"  ,  the  last  term  is 
^0  Pn  “  ° 

2 


majorized  by 


We  estimate  the  remaining  terms  in  (3.8)  as  follows. 


B‘V 


CO 

s 


(v  _  (,+  -  ^  ))+  +  JL 

2S  2P 


(x, i )dx 


u  — S  2  4- 

<_  [  ?n  2^  ]  meas  A  (t)  <  by  lemma  3.2  < 


Cn  2p-S]- 


1-9 


0  1  N 
1  «  .  R  . 


1  -  a  /  N  0 


For  the  left  hand  side  we  have 

r 


/ 


,  + 

<,n 


co 


B(V°1R0) 


I  jW 


\jj  . 

- (v  - 


(u+  -  —  ))+  + 


(x,t)dx 


>  / 


BViVnlv>i!  -p 


2S 


■CO 


(v  -  ( u 


s  p 

2  2^ 


(x, 


fn 


U) 

->P 


meas  A  (t) 

+  Co 

;i - ,  R  -o  R_ 

2P  °  !  0 


These  estimates  in  (3.8)  give  the  inequality 

p-s  \  2  / 1  - 


(3.9)  meas  \ 


(t) 


— ,  R  -11  R 

,P  n  1  0 


In  21 


\  Pn  2 


p-s-1 


\ 


1  - 


1  NO 


-38- 


i 


to  obtain 


_y_  r 

V° 


(t)  <1  l*  f 


6o\2 


„N 

<  „  R 
N  0 


/vy  „ 

1  l  2  /  KN  R0 


This  proves  the  lemma. 


Remark:  It  is  easily  seen  that  a  suitable  choice  of  p  is 

-  *0 


(3.10) 


p„  =  s  +  3  +  - i - 

0  1  ,  b  6 

L  (co  > 


•where  [a]  denotes  the  largest  integer  contained  in  a,  and 


28N2C 


'1  in  2 


Notice  that  depends  only  upon  the  data  and  not  upon  w  nor  RQ . 

-f-  'f' 

Remark:  Since  for  q  >  ,  A  (t)  c  A  (t ) r  we  have  that 

-  —  0  +  +  0) 

p  ~^'R0  y  "p~'Ro 

2  0 


meas  A 


(t)  <  1  - 


H  -  —  ,R 

2q  ° 


<N  R0  '  Vq  >  pQ  , 


and  for  all  t  ,  [t  -  (R“,t^]. 

Ct 

The  subsequent  arguments  will  be  carried  over  the  cylinder  . 

For  k  •  0  we  also  denote 


C‘  (k)  {(x,t)  •  lv(x,t)  >  k>  . 

n> 


I 


Lemma  3.4:  For  every  0 ^  >  0,  there  exists  q^  c  U,  q^  >  p^  such  that  if 


Nk 


— ^  >  R^  ,  then 

qo  ° 


„a  ,  +  a) 
meas  Q  (y 

°  2 


Proof  of  lemma  3.4:  Lemma  3.3  and  the  remarks  following  it  imply  that 


!  q  \  2 

meas{B(Ro)\A++  w  (t) }  >_  (  -f  J  Rq  <  ¥q  —  p0 

u  ‘^'Ro 


for  all  t  c  [tQ  -  aR0*t0l. 

Apply  inequality  (2.9)  to  the  function  x  ■*  v(x,t)  in  the  ball 
B(R  )x{t)  for  the  levels 

.  +  U)  .  +  U' 

*  =  u  -  ^FT  '  k  =  ^  ^  '  q0  "  q  >  po  ' 

-> 

where  q^  has  to  be  chosen.  If  we  do  this  for  all  t  c  [t^  -  aR^,t^]  we 


obtain 


j  )  meas{A+ 


(t) }  <  D 


N+l 

Ro 


q+l  0 


meas  [B  (R  ) \A 

0  + 

11 - f  R- 

2q  ° 


(t)] 


4DR0 

(  IV  vldx  <  - —  f  |V  vldx 

J  4-  +  I  v  J —  9  J  4-  +  >  y  i 

AK,R0(t)X\.R0(t)  Vo  AK,R0(t)V,Ro(t) 


Integrate  both  the  sides  of  this  inequality  over  [t^  -  tR“,t^]r  square 


and  use  Holder's  inequality  on  the  right  side,  to  obtain 


(3.11) 


f  <*  Y 

\ 

„(X  {  +  tO  \ 

“ 

2 

"I 

4D 

\  2q+1  1 

meas  Q  ;j  •  , 

R0  1  2q+1  / 

<  j 

R2k 

-  0  N  J 

0 


V"o  \,R0<T,'ft!,R0<rl 


7  vl2  dxdT  ! 
X  '  I 


J  L 


'0 


[meas  A+  ( : ) \A*  (t)]d 

_  2  K  t  K  _  ^  *  K 

t  -<R^  0  0 

0  0 


4D 


1  -2 

:,okn 


H^!(v 


-  (h 


—  ))+l  .  f 
2y  V'°(Qr) 
2  Ro 


"0 


/  [meas  A+  (x)\A*  Ji)]dT 

t  -aR2  k'R0  &'R0 

0  0 


In  order  to  estimate  the  V^'°(Q  ) -norm  of  (v  -  (p+  -  —  ))+  we  use 

0  2^ 


inequalities  (2.7)  applied  to  the  pair  of  cylinders  Q  ,  Q  .  Notice  that 

2  R 

0  0 


in  this  connection  ess  sup  (v  -  (y+  -  —  ))+  <  —  <  6  and  that 

-  2q  ~  2q 


K2  R. 


0 


-2  2-14  -2 

(C1R0)  =  4R0"  !  (°2R0)  "  I  R0  * 


Moreover  observe  that  since  jj  >  hj  I  ,  we  have 


+  u>  _ 
v  ~  >  0  ' 

24 


50  that  4*(;. - ~ ,tQ  -  4R2 ,  t)  =0,  t  •  [fc,-4R2,t0l  .  Inequalities  (2.7)  n^w 


i  (v  -  --T  >)  I  !  o  1  Y(4  +  j  )R  ||  (v  -  (t  -—  )) 

2q  V* '°  (G  )  30  2q 

2  Ro 


2,C 


2  F 
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-  V 


+  V  < 


V  + 

/  [meas  A  + 


(x)]q  dx 


r  ]  f  (1+0 


t  -41* 

0  0 


2N+6  /  w  \2  N  N  (1+k)  q  (1+k)_1  Nk  n 

1  Y  ~  W  <N  0  +  y2  4  R0  kn  ro 


where  (2.4)  has  been  used.  By  assumption 


so  that  there  exists  a  constant  depending  only  upon  the  dimension  N  and 

the  data,  such  that 


(V  _  (/  -  J±L  ))  +  |  <  c  fj±.\  K  r“ 

2q  ,0  (q  )  -  2  w  N  ° 

2  Ro 


Carrying  this  in  (3.11)  and  dividing  by 


>9+1 


gives 


(3.12) 


.  „a  ,  +  u)  ,  ,2  .  _  r4D„  2  1  „N+2 

[meas  2r0  (u  "  }  ]  -  4C2  T  kn  ro 


u 

/  (meas  A*  (x)\A*  (x)]dx 


t 

0  0 


We  add  inequalities  (3.12)  with  respect  to  q,  from  pQ  to  qQ  -  1  and 


obtain 


/  \  ,  „  .  +  w  , ,2  .  .40,2  1  N+2 

(qQ  -  pQ)  [meas  Qp.  (u  -  —  )]  I  ^  (-1  -  ^  . 
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q  -1  t 
0  0 


y  /  [meas  A+  (t)\A+ 

u  2  +  a)  + 


q=p  t  -aR 
H  F0  0  0 


u  "^'Ro  u  -^I'Ro 


„„  4D  2  1  ,  N+2  2 

<  4Ct  f~l  ~ 7  a(K  ) 

-  2  kn  e4  NO 


Now  recall  that  a  = 


T  set 


S  =  2C2  [f]2 

N 


and  observe  that  C.  depends  only  upon  the  data  and  the  dimension  N. 

Dividing  the  inequality  above  by  -  pQ ,  to  prove  the  lemma  we  have 
only  to  choose  qQ  so  large  that 


1  3  . 2 

* . — . . -*r  <  9. 

qo  "  po  e2  1 


We  will  select 


(3.13) 


qo  =  po  +  1  + 

-Vi 


Remark:  The  proof  of  lemma  3.4  is  an  adaptation  of  a  similar  result  of  [18), 

namely  lemma  7.2  page  114. 

Consider  now  the  pair  of  cylinders  and 

Ro 


4  '  V 


For  them  we  have  the  following  result 

Lemma  3.5:  There  exists  a  number  >  0  depending  upon  j. ,  N  and  the 

data,  such  that  if 


_a  .  + 
meas  Q  (u 

Ro 


w  .  .  N+2 

-  )  <  u  k  R 

1  N  0 


then  either 


(i)  H  =  ess  sup  (v  -  (u 

a 


a”  1R» 


Nk 

2 


or 


, .  .  .  .  +  u>  1  ... 

(n)  meas  Q  (u - — -  +  —  H) 

K  _  Cl  <£ 

_o  ,  o 

2 


0  . 


Proof  of  lemma  3.5:  The  proof  is  very  similar  to  the  proof  of  lerrna  3.1.  We 
reproduce  the  main  steps  mainly  to  trace  the  dependence  of  on  (and 

hence  on  uj).  Let  R^,  be  defined  as  before,  and  consider  the  cylinders 


R  1  '  [t 

n  0 


Rn  '  t0  ^ 


Ql={|x-x|  <  R  }  "  [t  -  uR2,t  ] 
n  1  0  n  0  n  0 

Q(1  7  {  |  x  -  x„  |  <  R  }  x  [t  -  aR2  ,t  ]  , 

*n  0  n  0  n+l  0 

which  satisfy  the  inclusions 


a  =.»  —a  a 

0  c  0  c  Q  c  Q 
yP.  .  vn  vn  *R 

n+l  n 


We  use  inequalities  (2.7)  over  Q  and  Q  , 

n  R 

n 

(x,t)  •  (v  -  k  )  where 

n 


for  the  functions 
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k  =  (k  +  \  H)  -  -  H  ,  n  =  1 ,  2  ,  .  . 

n  12  0n 


kl  = 


Since  k  >  k.,  '  0  in  (2.7)  we  have 

n  —  i 


^+(k  ,t  -  -,.R2,  t-  )  =  o  . 
and  n  0 


Note  that  in  this  case  (:.R  )  2  =  R  2“^n+4^  and  (o.uR2)  1  =  R  2  a  ^  2n+3. 

1  n  0  2  n  0 


We  have  to  show  that  the  numbers 


Yn  ’  .-ITT!  -  3Ti«  L  1  (v  -  kn,+2 
"  Eo  "  %  5r 

n 


r 


n  =  ^  |  !  [m6aS  \  ,R  (T)]q  dTf 


R”  R„  !  t  -aR 


n  n 


0  0^0  n 

tend  to  zero  as  n  Proceeding  exactly  as  in  lemma  3.1  we  see  that  Y 


and  Z^  satisfy  the  recursion  inequalities 


2  2 

-  4n  1+  -=—  -=— 

C2  N+2  N+2  1+K, 

i  ,  <  -  [Y  +  Y  Z  ) 

n+ 1  —  t  n  n  n 


z  ,  sH  „  . 

n+l  —i  n  n 


The  lemma  follows  if 


.  - (N+2) 


]  ■  .1 


mean  (k  )  '  • 

o  • 


-4f  ~ 


OSS  OS C  V  <  (-SS  O SC  V 


L2R 


S+  i<rh/~ 


<  ~(1  " 


s+5+A/u 


If  l.b  occurs  then 


ess  inf  v 


- +  —  +  ;■ 

2S  2  2S 


l  .e . 


,s+l 


ess  osc  v  ~  (1  - 
®  R 


,s+5+A/w 


Case  2 ;  By  lemmas  3.2  -  3.4,  in  view  of  (3.15),  the  assumptions  of  lenma  3.5 
are  verified.  It  gives  the  following  alternative.  Either 


2 . a .  ess  sup  v 


Nk 
+  R_2 

oq0  0 


q  +1 

,  0 


.  b.  ess  sup  v 


q  q  +1 

,  0 


%+1 


-ga- 


Hence  in  either  ca.:c 


Now  to 


Setting 

we  have 

so  that 

(3.16) 

where 
The  pro; 


■ss  osc  v 
‘Rn 


(1  - 


,s+  5tA/u 


ietermine  P  notice  that  by  virtue  of  (3.15) 


2  •  4 


H°o“b  (2po>2  =■ 


>  A'5  C0(2H0) 


2  + 


Nvrb 


sb-5  2 
.  =  (2  c  ) 

*  0 


1  ,  and 


h  =  1  + 


NKb 

4  ' 


2  _  '*(  2  Rp )  *  R*  / 


Q  Q  '  { f 

0  * 


X  -  X,  i  <  !\  }  X  [t  -  R“  t  ]  . 


follows  that 


OSC  V  (1  - 

n 


so  +  AA 


v  =  s  +  ’•  "inally  if  (3.3)  is  false  then  (3.16)  follows  at  once. 

position  is  proved. 


4,  Proof  of  Theorem  1 : 


We  will  prove  the  theorem  by  exploiting  the  results  of  the  previous 
section.  Proposition  3.1  is  valid  for  any  number  to  satisfying 

ess  osc  v  ^  <_  2M 

C 


We  stress  the  fact  that  the  constants  £*»  a,  b,  A,  h  in  proposition  3.1 
do  not  depend  upon  nor  „ .  Let  (x^,t^)  e  be  fixed  and  select 

=  2M  osc  v.  Let  0  <  Rq  <  j  be  so  small  that 


C2R„  C  "T 


2  2'i 

(2 R  )  <_  - — - 

s0+A/(2K)a 


Define  two  sequences  of  cositive  real  numbers  {R  }  and  {*!  }  as  follows 
^  n  n 


?-l  =  2?0  :  =n+l  =  ;(V  n  =  2,  3.  ... 


vhere  *  =  nin{-'  ;  4 


=  2'*  '  *  =  (I  - - - - 

. -'-1  '■>  ,  +A/MS 

2  °  " 


Lemma  4.1: 


ar.d  for  all  n  ■  II 


Now  for  all  n  >:  u  it  is  easy  to  check  that 


o  (m  , ) 

_ £±L_  <  4a 

O  (M  )  - 

n 


1  - — - 

s  +A/M* 
2  ° 


We  have  shown  that  the  two  inequalities 


osc  v  <_ 
\  ‘  ‘ 


»,2  — 

s  +A/M? 

2  0  1 


imply  the  same  two  inequalities  for  R2  and  M  .  The  same  argument  shows 


that  if 


ess  osc  v  <  M 

n 


r2  <  - L__ 

n  s  +A/M3 
2  0  n 


then  the  same  inequalities  are  valid  for  n  +  1.  The  lemma  is  proved. 
As  a  consequence  of  lemma  4.1  we  have  that  V(Xp,t^)  ■  .'T 


css  lim  v(x,t) 
(x,t) *(x  ,t  ) 


exists.  Wc  define  the  function  (x,t)  v  v(x,t)  by  sot  tin 


v (x, t) 


vls^t,!  =  ess  1  im 

(x,t)  *(x  ,t  ) 

0  0 

Lemma  4,2:  The  function  (x,t)  *  v(x,t)  is  a  continuous  representative  out 

of  the  equivalence  class  v.  Moreover  if  K  is  a  compact  contained  in  . 

+  -f 

there  exists  a  nondeoreasing  continuous  function  i.  ( • )  :  K  •»  R  ,  ...•(())  -  y 

K  K 

depending  upon  the  data  and  dist  (K  ;  [*)  such  -.hat 

1_ 

’V(xi'ti)  -  ^vV1  -  -K(’X1  ■  x2!  +  ■  fc2:2) 

V(xi,ti>  •  K  ,  i  =  1,  2 

The  statement  is  a  direct  consequence  of  lemma  4.1  and  establishes  the 
interior  regularity  claimed  by  Theorem  1. 

Remark The  continuity  result  is  a  consequence  of  inequalities  (2.7)  -  (2.8) 
and  lemma  2.2  solely. 


-R.l- 


5 .  Continuity  up  to  the  boundary : 


Let  u  t-  W  ’  (jl  )  be  a  weak  solution  of  (1.1)  subject  to  certain  boundary 
conditions.  In  this  section  we  investigate  under  what  circumstances  the  con¬ 
tinuity  of  u  can  be  extended  to  the  closure  of  .  As  remarked  in  the 

introduction,  this  is  equivalent  to  prove  the  continuity  of  (x,t)  ■*  v(x,t) 
on  the  closure  C  . 

Our  study  is  divided  in  three  parts.  First  we  show  the  continuity  of  v 
at  time  t  =  0  .  Then  we  investigate  the  regularity  on  the  lateral  part 
of  the  parabolic  boundary  of  ,  for  the  cases  of  variational  (Neumann)  bound¬ 

ary  conditions,  and  homogeneous  Dirichlet  boundary  data.  The  method  of  proof 
in  all  three  cases  is  similar  to  the  one  in  section  3  and  4,  and  consists  roughlv 
sneaking  in  constructing  for  every  (xQ ,  t^)  c  a  family  of  coaxial  nested  cy¬ 
linders  witli  same  ’’vertex"  (x^,t^)  where  the  essential  oscillation  of  v  pro¬ 
gressively  decreases  according  to  the  rules  imposed  by  the  operator  in  (1.1)  and 
the  boundarv  data.  Because  of  the  information  contained  in  the  boundary  data 
the  analysis  in  the  present  situation  is  in  fact  simpler. 

We  will  consider  cylinders  of  two  types. 


Basis 

cylinders 

(BC) 

(VV  e 

0 

fiT 

; 

=  {  |x  - 

xo! 

<R}x|t0~ 

R2,t0] 

with 

{i*  -  X0I 

«' 

Rf  c 

(1  and 

to 

-  R2  <  0  . 

l.atera 

1  cylinders: 

(LC) 

(x0,t0)  r 

sT 

!  % 

-  (lx  - 

x  1 
0  1 

■  R)  x  {tQ  - 

R2,t0) 

The  axis  of  (LC)  lies  on  and  both  (RC)  and  (LC)  are  not  contained 


-r>5- 


A '-Con  t  inn  it  v  at  t  =  0 


>t  v  W*’!  (--  )  satisfy  identity  (2.1)  and  in  addition 


•  -1 


v  ( X  ,  0 )  =  vQ(x)  =  -0  (uQ(x))  , 


in  the  sense  of  the  traces  over  l  .  Let  the  selection  Wq(x)  c:  •(Uq(x))  be 


i  ven  so  that  (2.1)  is  well  defined  for  all  -  0  .  We  assume  that  x  -*•  v  (x) 


is  continuous  in  ,  with  modulus  of  continuity  s  -*■  u  (s)  over  a  compact 

k 


K  c  .  .  Here  •,.(.)  maps  1R^  -*•  1R+  is  non-decreasing  and  u  (0)  =  0  .  Our 
K  K 


task  is  to  prove  the  following  theorem. 


Ihcorem  5.1:  Let  K  be  a  compact  of  ^2  .  There  exists  a  non-decreasing. 


continuous  function  s  -*•  .c  (s)  :  IR+  1R+  ,  ^,.(0)  =  0  such  that 

K  k 


'(x^tj)  -  v(x2«t9)|  <  ^  K  ^ '  X 1  ~  x2 '  +  '  1  i  "  ^ 


for  all  (Xj,t.)  •-  K'x  I0,T]  ,  i  =  1,2  ,  and  every  compact  K'  CK  . 


Vhe  function  depends  only  upon  the  data  and  the  modulus  of  contin¬ 


uity  of  v()(x) 


Clear! v  we  have  only  to  prove  the  continuity  at  t  =  0  ,  so  that  it  will 
.•ui  l  ice  i'ii  1  x  to  consider  cylinders  (BC)  . 


io-i-.i 


Let  x  t  i'  and  R  0  so  small  that  B(R) 


Fix  Ox  tp  '  K~ 


uid  over  tnc  evlinder  (BC)  Q  consider  the  cut  off  function  x  :.(x)  select 

k 


a.  in  (M  .  nicro  exists  a  constant  \  depending  only  upon  the  data  such  that  t 
fund  ions  (  .  ,  t  1  -♦  l  v-k )  ~  ( x  ,  t  1  satisfv  rlic  inequalities 


(v  -  U>±  2,B(K--R)U)  +  iiVx(V  "  k)±i'2 


, B ( R- 'jR)",  0,t 


iv  -  n 


’  p  (  R)  '  4  ’  (  '  |  K)  “  +  (  '  ,R~  )  i  , '  (v  -  k) 


i 


-ho- 


+  Y 


2 

r 


(1+-) 


+ 


+  (k.O.t)  , 


for  all  t  €  f 0, t q J  , 


provided  that  k  e  TR  satisfies  the  restriction 


(5.2) 


ess  sup  (v  -  k)1  <  6  . 

VCT 


Here  6  is  the  same  number  introduced  in  (2.6)  and 


(k,0, t)  =  +  v(x ,x)yj  v  <  0] (v  -  k)*  C  dxj 
t0 

f  f  ,  .  - 

±  !  |  v(x,i)\!v  <  O’;  —  ( v  -  k)~  (x)dxdi  . 

0  s': 

Inequalities  (5.1)  are  derived  in  away  similar  to  inequalities  (2.7)  -  (2.8). 
the  only  difference  being  the  domain  of  integration.  In  particular,  the  constan 
y  can  be  taken  equal  to  the  analogous  constant  appearing  in  (2.7)  -  (2.8). 

Next  we  simplify  (5.1)  by  imposing  further  restrictions  on  the  levels  k  . 
Setting 


k.  (R)  =  sup  v  (x)  ,  k  (R)  =  inf  v  (x)  , 
B(R)  B(Rl 


for  the  oscillation  of  x  -*  v^(x)  in  B(R)  we  have 


osc  v  (x)  =  k  (RI  -  k.,(r) 
B(R) 
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,K(in  , 


for  a  co-pact  K  .  onta..ncd  in 


and  containing  B(R)  .  Fro-  now  on  wo  will 


keep  fixed  the  compact  K  ,  and  .ill  the  aui'sc-qucnt  argument1'  will  be-  carri  ed 
over  balls  B(R)  c  K  . 

If  in  (5.1)  we  choose  k  >  k^(R)  ,  then  (v  -  k)+  (x,0)  =  0  .  Moreover 

if  we  look  at  v  as  extended  over  all  QR  in  a  way  not  to  exceed  k^(R)  , 

then  (v  -  k)+  is  identical Iv  zero  over  that  portion  of  0  not  contained  in 

K 

Q  .  Therefore  if  k  >  k^  (R)  ,  the  domains  of  integration  in  (5.1)  can  be  re- 

2 

placed  by  B (R  -  CjR)  x  [tQ  -  R  ,  t^]  on  the  left  hand  side  and  QR  on  the 
right  hand  side  respectively.  These  remarks  show  that  the  function 
(x , t )  -*•  v(x,t)  satisfies  the  inequalities 


(5.1) 


( "v  —  k )  I  i  ^  ^ 

V2  (B(R  -  R)  x  [t0  -  RZ,t0l  ) 


<  v: (ClR)"-  +  (02R2)-1]  | i (v  -  k)‘ 


r  1  2 

Jo  r  f  (1  +  <) 

I  [tneas  A^^R(T))q  dxr 

VR  J 


+  sup 

t£'Lt0-'<2.t0] 


(t'V‘2',) 


for  all  k  >  kj (R)  and  satisfying  (5.2). 

A  similar  argument  holds  for  (x,t)  -*■  (v  -  k)  (x,t)  provided  that  k  <  k0(R) 
It  vields  inequalities  to  which  we  will  refer  to  as  (5.1)  . 


Vie  denote  with  s  the  saliest  natural  number  sat  i  -fy  inp. 


(5.3) 


>  2  . 


be  ar.v  positive  number  and  construct  the  (BC) 


Ht  re  c  , 

r 

!,t  nr, a  5  . 

(i ) 

Then 

rroof_  t_f 

trivial. 

an sumo  t 

(5.4) 

Then  at 


;  '  5  -  V  ‘  V  '  !t„  -  Ro,cn'  •  B<V 


=  r,K 


min  1  c  ■„* 

!  c 

i 


-  i 

1  ,  L  \ 

4 


is  tho  number  claimed  by  T «.  rur.a  3.1. 


Arr-une  that 


(ii) 


s-3 


;sc  v  '  naxi'  •  ;:;t  :  2"+1  -  k(ro)}  • 


U  r.~.a  5.2:  If  ore  v  •  —  then  the  conclusion  of  the  lemma  is 


C 


Analogously  if 
hat 


s  +  1 


(F  )  ,  there  is  nothing  to  prove.  So 
K  C 


:;vr  =•  -  K(V 


b-a.  t  on*  of  the  following  two  inequalities  holds.  Either 


kl  lFn> 


T+F  '  cr 


(5  .') 


K<:  > 


n 


s  s+1  s+1  ' 

r>  t  ? 


contradicting  (5.4). 

Suppose  that  (5.5)  holds  true  and  observe  that 


meas { (x,t)  ■  Q_  iv(x,t) 

Ro' 


,s+. 


<  k 


meas  [Q‘  n  h  ) 
R0  T 


N+2k!  .  „N+2 

-  CQ  '  k  M  K0 


Consider  inequalities  (5.1)  for  (v  -  k)  ;  k  +  — :;-q-  ,  and  apply  lemma 

2S+‘- 

3.1.  It  gives  the  following  alternative.  Either 

Nk 

-  2 

(i)  II  =  ess  sup  (v  -  (..  +  - — ))  ■  P  , 

O'  ''S+2  0 

Ft 

or  0 


(ii)  meas  0  (. 

R 

o 


If  (i)  occurs  then 


T  H)  *  0  . 


e.  inf  v 
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If  (ii)  is  valid  then 


ess  inf  v  >  y 

Qw  n  H 

R„  T 
0 


,s+2 


s+2 


-  u  + 


,s  +  3 


Hence  in  either  case 


osc  v  <  l>  - 
SBon  -  T 


,s  +  3 


The  lemma  is  proved. 


Lemma  5.3:  Let  x„  e  int  K  c  f;  and  R  so  small  that  B(R„)  K.  There 
-  0  0  0 

exists  a  pair  of  sequences  { }  V  0,  {M  }  ^  0  such  that 


osc  v  M  n  =  1 ,  2  ,  .  .  .  , 

M  n 

Q 

"t 

n 


The  sequences  {R  }  and 
n 


(y.  }  depend  only  upon  the  data  and  the  modulus 


of  continuity  ^  (•)  of  x  -v  v  (x)  in  K. 
K  0 


Proof  of  lemma  5.3:  For  R^  R  define 


5  -}•  1  A 

=  max{2:'.  ;  2  "’k*F'i'  ‘  — 


and  select  R^  r.o  small  that 
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Then  construct  inductively  the  soauences  {R  }  and  { V.  )  ai  follow 

n  n 


.  =  maxtM  -  - r 

n+1  n  ^s+3 


2S+1  o  (R  ) 
K  n 


;  n  =  1, 


M  \>:-  R 
n  n  | 


R  =  min  •(  - 

n+1  \  2s+3 


It  is  immediate  to  verify  that  {M  }  \  0  and  {R  ]  \  0 .  By  virtue-  of 

n  n 

Lemma  2.5,  the  conclusion  of  Lemma  5.3  holds  true  for  n  =  1.  Suppose  it 
holds  for  n  and  let  us  show  that  it  holds  for  n+1.  By  assumption 


osc  v  <  M  and  r 

n  n  n 

Q  nnp; 

R  T 
n 


N-c/2  '  n 


<  - —  •  Hence  by  Lemma  5 . 2 

2St3 


osc  v  <  M  . 
,,  —  n+1 


Q  nm! 

T 

n 


To  conclude  the  proof  observe  that 


M  ,  M 

^  n+1  -  ^  n 

1  '  "T  r' 

n  +  1  n 


Proof  of  Theorem  5.1:  It  is  an  immediate  consequence  of  Lemma  5.3. 

Corollary :  Let  be  an  open  set  contained  in  and  assume  that 

x  -*  v  (x)  is  continuous  on  ;  ’  with  modulus  of  continuity  ,[  (•)  uniform  on 


every  compact  Y. 


then  v  is  continuous  on  K  ■  [0,T]  and 


|V(x  .t^  -  v(x0,t?) 


K(  X!  ~  y'2 '  4  ’h  -  t2:“) 
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I 


V(x  ,t  )  K  ['■'  #T1  i  1  ,  —  I  iu*  continuous  non-dee  re. t<  i  tin  !  unct  ion 

.  U1)  =  >)  depends  on  I  v  upon  t  ho  data  and  (•)  . 

K  K  '  K 

[B]  The  case  of  variational  boundary  data. 

Consider  formally  the  nroblom 


—  .•  (v)  -  div  a  (x,t  (V.V^v)  +  b(x,t,v,V  v) 


-j  a  ( x  ,  t ,  v ,  Tv )  •  n  (x,t)  =  g(x,t,v)  on 
‘  T 


v  ( x , 0 )  =  v  (x)  ,  v  (x)  f  0  a.o.  in  , 


where  n  -  (n  ,n  ,  .  .  .  ,  n  )  denotes  the  outer  unit  normal  to  S  .  Wc 
ST  X1  x2  Xn  T 

assume  that  a(x,t,v,p)  and  b(x,t,v,p)  satisfy  [A  ]  -  [A0]  and  that 
,  L0(i).  On  the  boundary  data  g(x,t,v)  wo  assume  that 

[0]  g  is  continuous  over  S  '  I:  and  admits  an  extension  j;(x,t,v)  over 


such  that 


|—  g(X,t,V)  ,  —  g(X,t,V)  ]|  <('<;*> 

"  »  T 


for  some  positive  constant  C. 

Essentially  we  arc  imposing  on  g  a  growth  at  most  linear  with  respect 


By  a  weak  solution  of  (5.6)  we  mean  a  function  v  ■  )  satisfying 


(5.7)  -  /  (x, -)  .  [v 


:  H  Z 

_  nW  'lx  t  +  /  /  (x,  ;)  .  [v  _  0]  —  e  dxdi 

1 1  t 


0  0 


is  continuous  over  all 


then  there  exists 


Moreover  if  v 

0 

i  ^  (s)  :  F+  -+  K+,  w  (0) 


0  continuous  and  non  decreasing  such  that 


1_ 

Iv^i'V  -  v(x2,t2)j  i-0(|x1  -  x2i  +  |tx  -  t2!2) 


for  all  (x^t  )  c  ,  i  =  1,2. 

The  functions  w  (•)  can  be  determined  in  dependence  of  the  data  and 
the  positive  number  a,  and  ^  ( • )  can  be  determined  only  in  terms  of  the 
data  and  the  modulus  of  continuity  of  v^ . 

The  proof  of  the  theorem  is  essentially  the  same  as  the  proof  of  interior 
regularity  and  is  based  on  the  same  arguments  of  sections  3.4.  The  difference 
is  that  instead  of  working  on  cylinders  here  we  are  dealing  with 


cylindrical  domains  of  the  type 


B(R)  '  [t0  -  R  ,tQ]  . 


We  bound  ourselves  to  describe  the  differences  occurring  in  the  proof. 
Fix  xQ  ■  and  consider  the  portion  of  the  boundary  3.,  given  by 

SQ  3 i?  a  {  |  x  -  xQ  j  <  R }  ,  R  >  0  given 

Our  arguments  being  local  in  nature,  we  may  assume  without  loss  of 
generality  that  lies  on  the  hyperplane  x^  =  0.  Indeed  this  can  always 

be  achieved  by  a  local  change  of  coordinates  in  identity  (5.7)  written  for 
example  for  test  functions  v(-,t)  supported  in  a  neighborhood  of  x  ,  for 
t  [0  ,T]  . 

[B]  .  Inequalities  analogous  to  (2.7): 

hot  ( x .  ,  t  _^ )  .  ST  ,  L,,  ’0  ami  set 
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■R  '  ft:  -  K  ,t  ] 


,  T<  '  •  t. 


around  x,  is  a  portion  of  the  hyperplano  x  =  0  and  >•: 
0  n 


i.L'  t:v  half  ball  x  -  x  !  ^  R,x  ■  0  ' 

/"»  ■  '  NT 


is  the  hal  f  cylinder 


obtained  by  intersecting  the  lateral  cylinder  (L C)  o  with  Moreover 

-■> 

notice  that  since  h‘  <  t  ,  C  does  not  intersect  .  at  t  =  0. 

0  F. 

■’ur  next  task  is  to  derive  inequalities  analogous  to  (2.7)  over  the  domain 


WV  ■  '  [t0  '  (1  -  Vr<  'V  ' 


o1,o0  (0,1) 


This  is  done  by  selecting  in  (5.7)  test  functions  y  =  .’:(v  -  k)  .  where 

2 

(x,t)  -w  '“(x,t)  is  chosen  as  in  (a). 

All  th.e  terms  on  the  left  hand  side  of  (5.7)  are  treated  as  in  the 

derivation  of  (2.7)  except  for  the  different  domain  of  integration.  We  remark 

in  this  connection  that  y (>.  ,t)  vanishes  on  the  parabolic  boundary  of  0  , 

R 

and  not  on  the  parabolic  boundary  of  C  . 

W<  estimate  the  term  involving  an  integration  over  1.  on  the  right  hand 
side  of  (5.7)  by  transforming  it  in  a  volume  integral  as  follows 


I  =  /  -  /  g(x,:,v)(v  -k)-  C  (x,  i  )d  "d  ! 


/  -  f  y  ( x  ,  i  ,  v )  { v  -k)-  -“(x,  ■)  dedr 


/  /  di  v  [y  (x  ,  i  ,v)  (v  -1)-  '7' (x  ,  '  )  jdxd  • 


We  expand  the  integrand,  use  hypothesis  [G]  and  perform  routine 
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calculations  involving  the  Cauchy  inequality  ab  e  a  +  cb  ,  t  >  0,  to 
obtain  the  estimate 


I  i  Y-j.fe)  /  /  <v  “  k)±2|V  C|2  dxdr  + 


+  y  (<:)  /  /  \  [  (v  -  k)-  >  0] c2  (x,x)dxdT  + 

"  C 


+  e  /  /  |  V  (v  -  k)  ~  |  2  r,2(x,T)dxdT  , 

S 

where  e  >  0  is  arbitrary  and  y  ,  y.  are  constants  depending  upon  the  data 
and  c . 

These  remarks  prove  that  there  exists  constants  y  and  $  such  that  for 
all  k  •  K  satisfying 

(5.8)  ess  sup  (v  -  k>-  <  (5  , 


wo  have  the  inequalities 


(5.9)  [ (v  -  k)- 


V2,°(S:(:1'"2)) 


(  „t'2)  1]  j!  (v  -  ki-  ij  + 

2'S 


f 

i  t 

r, 

i  '  ’  ■  + 

*  ■  )  1  ?  I™  as  A“  t  (  ) 


■■u|> 

t  '  It, 


-:fi(k, t0  -  R\t) 


wher*  ■  '  (k,t  -  ,t  )  i  il'lint  it  *  i  i-  ,  t  K  .t  )  .  inn  lor  t  hr 

a  'J  i 

cliff*.  r<  r.t  domain  of  int .  qi  at  i  ■  a. .  !:.<  ju.il.it  i<  (r  .'»  hold  for  all  k  satisfying 


(5.8)  and  all  ^  (',!). 


-!  7- 


r<  m.ivk  that  tho  constants  1  and  .5  in  (5.9)  might  differ  from  the 
analogous  constants  in  (2.7).  This  is  due  of  course  to  the  extra  term  involved 
in  the  boundary  integral. 

i-'.Eui  2.1  remains  unchanged  and  Lemma  2.2  now  is  stated  as  follows. 


and  n  ■  o  such  that 


/  .~(x,t)dx  /  ;~(x,tQ  -  Or*" ) dx  + 

K—v''  ^  R  R 

Nk‘ 

+  ^7  (1  +  >n  ^  )  (1  +  — -  )mcas  sR  . 

''1 

As  remarked  after  Lemma  2.2,  also  in  tho  present  situation  an  analogous 
re.  -alt  holds  for  (v  -  k  )”,  k  •  0. 

[Pi  ( .  Proceeding  in  the  proof  wo  see  that  Lemma  3.1  holds  in  the  present 

i‘ nation  for  the  domain  C  instead  of  for  the  cylinder  Q  .  The  only 

R  K 

.  >  '  i  i  f  ient  i  on  regard.--,  the  proof  of  the  recursion  inequalities  [I]  -  [11]. 

•  t hose  we  us-od  the  embedding  inequality  (2.11)  valid  for  functions  of 

'•  i  +  2 

).  in  our  case  (v  -  k )-  ;.  (x,t)  do  not  vanish  on  the  lateral  boundary 
i  e  ,  t  !;e  re  f,  >i\  we  must  use  inequality  (2.12)  ,  and  observe  that  for  tho 
!  i ; .  •  •  ft  -  -a-/  ,t  one  can  consider  the  constant  in  (2.17)  us 

1  s.  :  ,  ndei'.t  of 


-(id- 


Finally  the  last  modification  occurs  in  Lemma  3.4  in  the  use  of  DeT-iorgi' 

inequality  (2.9).  Now  such  an  inequality  holds  also  for  convex  domain, 

therefore  (2.9)  in  valid  with  B (R)  replaced  by  o  The  remainder  of  the 

i\ 

I'roof  stays  unchanged.  The  first  assertion  of  the  theorem  is  proved.  For  the 
second  part  we  consider  domain  with  t  -  R*-  <  0  and  over  ti-.om  carry  on 

the  arguments  of  Lemma  5.2  -  5.3  with  the  modifications  indicated  above. 


[C]  The  case  of  homogeneous  Dirichlet  boundary  data. 


We  let  v  e  W  '  (fi^)  be  a  weak  solution  of  (1.6)  which  in  addition 


satisfies 


(x,t)  e 


in  the  sense  of  the  traces  over  S  .  In  this  paragraph  we  investigate  under 
what  assumptions  on  9."  the  interior  continuity  of  v  can  be  extended  up  to 

the  lateral  boundary  S  of  $1^,.  On  assume  the  following: 

★ 

(H  30  >  0,  Kq  >0  such  that  VxQ  32  and  every  hall 


B(R)  centered  at  xq  ,  K  R^, 


meas [p  a  B(R)1  <  (1  -  0  Incas  B(R) 

Theorem  5.3:  Let  v  ,  W*'^(P  )  be  a  weak  solution  of  (1.6)  such  th.at 

|!  v  ||  ■-  M  •-  >,  and  vi  =0  in  the  sense  of  the  traces.  There  exist 

’  f  rp  \  -  T 

0  <  g  <  1  and  a  constant  L  such  that 


|  v  { x ,  t )  |  ^  L  (d  i  st  (  (x,t)  ,:•..!) 


.ho  <-ovi  r  if  v  (x,0)  v  (x)  in  the  s.  p.se  of  the  t  races  over  <>::<■!  if 

v  r(  )  v  !  -  0,  then  t  !.<  iv  i  xist.s  <i  cent  linens  non  .Uv  r<  as  i  ne,  fuiu't  ion 

0  ('  V. 


-e‘>- 


..  (  •  )  : 


such  that. 


Fr  •  K+.  .(D)  = 


;v(x1,t1)  -  v(x2,t2)i  id:*!  -  x2|  +  It1  -  t. 


for  all  (x  ,t  )  c  f:  i  -1,2  .  The  numbers  •'  and  I.  depend  uniuu.  !v  :>  t  • 
i  i  T 

whi  r<  as  -  ( • )  can  be  determined  in  depend once  of  the  data  and  the  :r  dull:.  of 
continuity  of  v  in 


theorem  is  a  consequence  of  the  following  inequalities  valid  or.  every 


(LC)  Q„. 


(5.10)  I  (v  -  k )-  I 


i  Yt(c  R)"2  +  (o^R2)  T1  ii  (v  -  k)±  |: 

V2  ICR(Cl'°2n  ‘  Cz 


ft0  +  ~  ]  r  (1+^ 

\  J  f  rr'.>'-as  A”  ( t)  n  h]  *  dt  f  +  sup  9 

Vs  '  K'F  I  "‘‘o'"-'®' 


;l(k,t0  -  R“,t) 


for  all  k  •  I\  such,  that 


(5.11) 


ess  sup  (v  -  k) -  <  5 

O  r-f: 


re  1  is  the  sane  number  introduced  in  (2.6)  and  y  is  the  same 

t.irit  a:-:  rarinn  in  (2.7)  .  The  definition  of  1  (k  ,t  -  F",  t!  is  obvious 
'  -  -  -  a  0 

fr..  -.-.Kil  it  ire  (5. 1C)  are  derived  from  identity  (2.1)  uper.  the  choice  of 


.  (v  -  k )  ~  I*  ,  whi  re  :  is  selected  as  in  (a). 


+  °1  1 

.ice  tl.it  since  v  .  K^,J-(..  )  v.e  have  also  (v  -  k  )-  <  K  '  (n  )  and 

s  T  2  T 


such  a  choice  of  c  in  (2.1)  is  justified.  Ke  will  use  a  simplified 
f  (<•  . ;  )  .  ht  lined  !y  in.:  .in.:  her  rest  r  i  ct  i  ons  on  the  1<  v>  1  s  V. . 


■  >  Of  (r 


.1C)  for  (v  -  k) 


e  that 


t  -1  -  ;.o), 


r  .  Oe  ,  '  .  .1  f 


'•.tfiiih-d  to  hi  tero  on 


V 


that  part  of  that  remains  outside  il  ,  the  domains  of  integration  in 

(5.1Q)  can  he  replaced  by  £  (o.,o  )  and  Q_,  respectively.  Hence  for 

K  1  2  K 

(v  -  k ) + ,  k  -0  we  are  led  to  the  inequalities 
2 


(5 . io) +  ; (v  -  k>+ 


V2'0(CR(01'C2)) 


1  Y[(o1R)“2  +  (c2K2)  1}  jj  (v  -  k)  + 


2,Qr 


+  Y 


u  — 

/  [mcas  A  (t)]9  dr 


-  (1+IC) 


VR 


valid  for  all  o  ,c  c  (0,1),  and  all  k>  0  satisfying  (5.11). 

The  sane  argument  applied  to  (v  -  k)  ,  k  <  0  leads  to  inequalities  for 
(v  -  k )  .  k  <  0  to  which  we  will  refer  as  (5.10)  .  We  remark  explicitly  that 
in  (5.10)+  1(5.10  rosp.]  there  is  no  restriction  on  the  levels  k  other  than 
k  >  0  (  k  C  reap.)  and  satisfying  (5.11). 

2 

Let  (x^,tQ)  t  0'T  tQ  >  0  be  fixed  and  let  RQ  he  so  small  that  (2R())~  <  t() 


so  that  Q,  ,  0 


W*  Set 


arc  lateral  cylinders  (LC) ,  with  common  "vertex" 


ess  sup  v 

n  n 
'  2  P,  T 

0 


ess  inf  v 
o  n  f) 

2Ro  T 


u;  =  ess  osc  v 

0  n  £1 
V2R  T 
0 


and,  without  loss-,  of  <;•  noral  j  ty  suipose  that 

U+  I  |u"|  . 

■■  v.  v  i  -  V  l>e  the  :  ml  lost  positive  integer  such  that 


•-  '  6  . 
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a;  i  d  oh.t  rvo  that  >:+  -  —  >  0.  We  will  employ  (5 ,10)+  for  the  levels 

2s 

k  =  ..  -  —  ,  p  _>  s*  P  «  17,  over  the  cylinders  Qr,  r  <_  . 


5_. 5_;  For  every  6  >  0,  there  exists  a  positive  integer  p  (depending 

o;.  ",  )  such  that  either 

Nk 

u  2 

(i)  —  <  K  ,  or 

->P  0 


(ii)  teas { (x , t )  e  Qr  ]v(x,t)  >  w+  -  }  <  6^  r“+2  . 


The  number  p  depends  upon  the  data  and  6^  and  it  is  independent  of 

and  R  . 

0 

Proof  of  Lemma  5  ._5_:  Vhe  lemma  is  proved  in  exactly  the  same  way  as  Lemma  3.4. 
We  remark  that  the  estimate 


mcas  {E  (K  )  \A+  (t)  }  >  6  tcM  R^' 

0  jj+  _  —  ”  0 


for  all  t  t;  [t  -  R“,tp],  which  in  Lemma  3.4  was  derived  from  De  Giorgi's 
inequality ,  in  the  present  situation  i?  automatic  since  cC.  satisfies  (P) 

mma  f.6:  There  exists  a  number  £•  >  0  such  that  if 


I  +  U?  a  N+2 

measf  (x,t)  0  |  v  >  l:  -  —  }  <_  ^  <N  *0 


(  i  t  :.f  r 


(i)  H 


sr  sup  (v  -  (i+  -  —  ))+  <  K2 
-,P  -  0 
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(ii)  meas{ (x,t)  £  Q  jv(x,t)  >  u+  -  ~  +  ~  H } 

K.  _  P  z 

0  2 


The  number  0^  depends  only  upon  the  data  and  not  upon  cu  or  R  . 

Proof  of  Lemma  5.6:  The  proof  is  the  same  as  for  Lemma  3.1.  In  this  case-  it 

+  2 

is  in  fact  simpler  because  the  term  $  (k,t  -  R  ,t)  =0  .  It  is  this  last 

3  0  0 

fact  also  that  makes  6^  independent  of  oj. 

As  a  consequence  of  Lemmas  5.5  -  5.6  we  observe  the  following  result 


Lemma  5.7:  Consider  the  decreasing  sequence  of  numbers 


and  the  Tamil 


of  coaxial  nested  cylinders  Q  with  common  "vertex"  (x  ,t  ) . 

R0  00 


There  exists  a  positive  integer  q  t  11  such  that  either 


,5V 


osc  v  <  2  — 


v  <  (1  - 


—  )  OSC  V 

2q  Q  n  fl 

Ro  1 


The  first  assertion  of  the  theorem  follows  from  Lemma  5.7.  Th.c  fact,  tv 


we  have  an  estimate  of  [folder  type  near  R  is  a  consequence  of  Jemma  5.7 
above  and  Lemma  5.8  of  [IS]  :  ago  90-97. 

The  second  part  of  the  theorem  is  proved  by  estimating  the  oscillation  ' f 
v  ir,  lateral  cylinders  with  t  -  R"  '  C,  in  the  s.uv.e  way  a?  indicat*:  d 

Wi>  omit  tlu  di  ‘  ai  1  r  . 


in  ;*  .n't  [B]  . 


Fj^r.ark;  I:  c(x,t)  E  0  on  S^,  c  whore  S^,  is  an  open  set  in  the  relative 

topology  ct  S„,  then  the  continuity  can  be  extended  up  to  any  compact 
K  c  S^,  compact  in  the  relative  topology  of  S  . 


6 .  Uniform  approximations : 

A  common  device  in  the  theory  of  existence  of  weak  solutions  of  (1.1) 
subject  to  some  initial  data  and  to  variational  or  Dirichlet  boundary  condi¬ 
tions,  consists  in  solving  a  sequence  of  regularized  versions  of  (1.1)  to 
obtain  the  solution  as  a  limit  in  a  suitable  sense  of  a  sequence  of  solutions 
of  regularized  problems.  It  is  of  interest  in  the  applications  to  construct 
the  solution  as  a  limit  in  the  topology  of  the  uniform  convergence  on  compacts 
cf  Cr.o  such  application  can  be  found  in  (7]  .  In  this  section  we  indicate 

i 

how  this  car.  be  realized. 


t  ■* 


w 


Let  v  \’l'°(p)  satisfy  identity  (1.5)  for  all  <?  c  w^'1  (.7  ) 

2  T  2  i 

(x,t)  has  compact  support  in  [0,1).  Suppose  that  there  exists 

ar.d  {v  1  ;  { 6  ^  (w  )  }  such  that 
n  n 


such  that 
sequences 


(6.1) 


1 , 1 

1,1 ->  **  *"T' 


strongly  in  L  (7T)  and  weakly  in  V  '  (.Q  ) 


w  weakly  ir.  w  <  ~  (v) 


V^'V'xV  '  !(x't'Vn'rxVn)  * 

-•t(x,-.,v,7xv)  ,  b(x,t,v,7xv)  weakly  in  I.  (f.  ) 


(t .:.) 


and  v  r-.i*  i  rfv  ‘.he  identity 
n 


■  t  t 

(X,  )»*  (X,  )  ,  +  /  j  [  -W  (X,  ;  )  •’I-  V  (X,  i  ) 

t , 


.  w  •  ,  .  v  ))  •  -  *  1  (x,t,v  v  K  dxd 

x  r.  ..  n  x  r.  x 


r 


o 


for  all 


°  i  2 

v  ■.  '  (2^)  and  all  intervals  (t  ,t]  c  (0 , T ]  . 

Since  w  f  (v  )  in  t'le  st'fse1  of  the  graph,  (6.2)  is  the  weak  formula¬ 
tion  of 

(6.3)  ~  £ (v  )  -  div  a (x,t,v  ,V  v  )  -  —  A£(v  )  + 

3t  n  '  n  x  n  n  n 

+  b(x,t,v  ,V  v  )  j  0  in  P* (P  ) 
n  x  n  T 

Fonark :  Because  of  the  regularizing  term  -n  ^AB(v^),  the  functions 

(x.t)  *  w  (x,t)  t  6 (v  )  and  (x,t)  *  v  (x,t)  are  Holder  continuous  over  2 

n  n  n  T 

with  exponent  depending  upon  the  data  and  n  ,  (see  [18]). 

Regularizations  like  (6.3)  are  of  the  type  of  Hopf  vanishing  viscosity, 

and  were  used  in  [2]  . 

Furtlii  rnoro  we  assume  that  the  weak  solution  v  of  (6.3)  can  be  obtained 

n 

as  a  weak  ^ (  „) -limit  of  weak  solutions  of 


(6.4) 

where  {£  ( * ) > 
m 

the  graph  •{•) 


-  m  , .  * .  m  r  m,  1  ,  m 

—  :•  (v  )  -  div  a(x,t,v  ,v  v  )  -  —  Av  + 
■  t  m  n  '  n'  x  n  n  n 


+  b(x,t,v™,V^v™)  =  0  in  V’ (nT) 


is  a  sequence  of  continuously  differentiable  regularizations  of 

such  tV, at 


0  <  a  <  --’(s)  Vs  ■  F. 

0  —  m 


(i) 

(i  i) 


el  (s)  <  1 
m 

is!  >  -  . 

1  —  m 

ti/pum'  t 

Vat  ?.  (v  )  ,  v  ' 
m  n  n 

wp1 

( ‘  m)  uniformly  in  m 

n 

v  -  v 
n  n 

M  ron\jly  in  l.n(' 

t'  ' 

w  akly  in  '  ‘  (.:,f) 

r  (vm)  •  w  f  (v  )  strongly  it.  I..  (  )  and  w.akly 

n  n  t.  n  T 


and  that 


in 


<v 


-  7  r>  - 


/  •  •  •  v  /  ,  in  m.  ,  ,  ,  m  _ 

111)  a.(x,t,v  ,7  v  )  ,  b ( x , t , v  ,7  v  ) 

1  n  x  n  n'  x  n 


(XjtjV^.T^v^)  ,  b(x,t,v^f 7^v^)  weakly  in  L2 

This  second  approximation  is  introduced  only  for  technical  reasons  in 
order  to  justify  the  calculations  below. 

Theorem  6.1.  Assume  that  3M  <  <*>  such  that 


Vn  tW 


<  fl  . 


Then  the  sequence  {v^}  is  equicontinuous  in 

If  Vn  t  U  v  (x,0)  =  v  (x)  e  C(n)  in  the  sense  of  the  traces  over 
n  0 

then  {vn}  is  equicontinuous  in  u  „Q(0). 

If  Vn  c  U  v  I  =0  and  v  (x,0)  =  v  (x)  t  C(n)  then  {v  }  is  equi- 
n  |  bT  n  0  n 

continuous  in  f!  . 

T 

Finally  assume  that 


(i)  v  (x ,0)  =  v  (x)  e  C(fi) 
n  0 


Vn  £  IN 


n)  {a  (x  ,t  ,v  ,  7  v  )  -  —  Vv  }  •  n_  =  g(x,t,v 
nxn  nxn  S  ’  n 

T 

in  tlie  sense  made  precise  in  (5.7) 


1  ft-  \ 

(iii)  XI  is  a  C'  manifold  in  3R  ' 


(iv)  q  satisfies  assumptions  [G]  of  Theorem  5.1 
Then  the  sequence  {v^}  is  equicontinuous  in  H  . 

Proof  of  Theorem  6.1:  In  section  4  we  remarked  that  the  modulus  of  continuity 
of  v  in  .  ^  is  determined  uniquely  in  dependence  of  M  and  the  various 
constants  appearing  in  (2.7)  and  Lemma  2.2.  In  view  of  this,  to  prove  the 
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theorem  will  be  enough  to  show  that  the  functions  (v  -  k ) -  satisfy  inequaiitic- 


like  (2.7)  and  Lemma  2.2,  with  constants  independent  of  n. 

(0,1)  , 

construct  the  cylinder  ^(o^o^  and  smooth  cutoff  functions  (x,t)  -*■  i;(x,t) 
such  that 


Let  (xQ,t0) 


;t  and  R  so  small  that  c  o^.  Let  a^,a 


(i)  5(x,t)  i  1  (x,t)  c  Qr<o1»o2)  ,  supp 

(ii) 


II  c  -2  ,  ,  C  -1 

r  ]  <  -  R  ;  <  -  R 

'  t  1  -  O  1  1  ~  O 


(iii) 


C  -2 


-  2 

°1 


It  is  easily  checked  that  Lemma  2.2  carries  over  to  the  present  situation 
with  constants  independent  of  n.  We  start  from  (6.2)  choose  a  cutoff  function 
x  v  - (x)  independent  of  t,  and  reproduce  the  same  estimates  in  the  proof  of 
Lemma  2.2. 

+  2 

Kext  observe  that  by  selecting  o  =  (v  -  k)  r.  ,  k  '•  0  in  (6.2)  we  obtain 

r. 

+  2 

inequalities  (2.7)  for  (v  -  k)  with  :  (k,t  -  R  ,t)  =  0  .  The  on  leu  In  L  ions 

n  ci  (j 

sh.ow  th.at  th.e  constants  •,  and  a  are  independent  of  n  (although  they  might 

differ  from  the  analogous  constants  in  (2.7)).  The  argument  remains  valid  for 

(v  -  k)  ,  k  '  0.  Hence  we  have  to  prove  inequalities  like  (2.7)  for 

(v  -  k'  +  ,  k  <-  0  and  (v  -  k)  ,  k  •  0. 
n  n 

m  +  2 

For  this  write  (6.4)  in  the  weak  form  for  test  functions  c  =  •  (v  -  k''-  '  . 

n 

The  term 

t 

0 

/ 

V 

-  b(x,t,vm,v  v”) (v"  -  kl-  •'  -dxd • 


/  {a(x,t,vm.V  vm)V  !(vm  -  k-,i  :  1 

J  v  ri  v  r> 


n  x  n  x 


can  be  treated  in  exactly  the  same  way  as  ir.  the  derivation  of  (2.7) . 


Then 


let  m  *  >  (the  lower  semicontinuity  of  7  vm  in  (f  )  is  employed)  and 
observe  that  the  constants  involved  are  independent  of  n. 

Next  we  estimate  the  two  remainina  terms 


L  -  !  3  (vrau-(vm  -  k)~]  :.'(x,t)dxdl 

1  •  _._2  •  .  .’t  m  n  n 

UP> 


1  =  —  ■  f  (vn)7  [  1  (v™  -  k)  s'  (>; ,  I )  ]  ilxdT  . 

2  n  „2  "  x  n  n  x  n 


'or  I  we  have  (we  drop  the  subscripts  n  and  n  for  simplicity  of  notation) 


I1  =  ‘  -'(t(v  -k)-  +  k)[f-;v  _  (v  _  \c)  (x,  T )  dxd  i  = 

C  'r 


/  ~  .\[  (v  -  k '-1  •  -.*■  (x,  xjdxdt  , 


Ms)  =  /  3'  (k  0  -  d;  . 


It  follows  that 


P(F-  '  F) 


l(v  -  k  (x,  t )  - — yp  J  /A [t(v  -  k ) -1  dxd- 

1  2r 


rtenral  is  estimated  as  follows: 


nl_  /  /  S(v)7  (v  -  k)-  •  V  j2  dxdx  - 

2  ~  0  x  X 

*■  D 


-  /  /  B(v) (v  -  k)-  Ac  dxdx 

Co 


From  this,  standard  calculations  and  limiting  processes  it  follows  that  there 
exist  constants  y,  6  independent  of  n  such  that 


(7.1)  1  (v  -  k)  • 


f  <  y[(a  R)“2+  (o  r2)"1]  ||  (v  -k)-  || 

r  <WV) 


f  h 


+  >  it 


+  Q 

•,  <  [meas  A  (r)  ]  dx  / 

•  t  -P2  k'R 

l  0  J 


r  (1+<>  + 


+  y  (k,t0  -  R-,t0) 


provided  that  ess  sup  (v  -  k)-  <  6. 
Co 


Here  .  (•,«,•)  can  be  majorized  by 


(7.2) 


const 


f  /  {  (v  -  k)-  +  \ [ (v  -  k)-  >  0]  }dxdx 

*  •  n  n 


minb.yejR  CR 


Moreover 


vanishes  if  (7.1)  are  written  for  (v  -  k)  k  >  0,  or 

n 


(v  -  k'  ,  k  <  0. 

n  i 

The  term  .  is  slightly  different  from  the  7  in  (2.7).  The  only  part 

of  the  proof  of  Theorem  1  where  (2.7)  has  been  employed  with  /  0  is 

lemma  3.1.  In  such  a  lemma  we  estimated  t*  as 

a 


)-(k,tr  -  j  /  (v  -  k)-  dxdi 


•  p  n 
2  XP 


-7')- 


By  following  the  various  steps  in  the  proof  of  Lemma  3.1  it  is  easily 


checked  that  the  extra  term 

— - - - - 7  /  /  X  f  (v  -  k)1  >  0]  dxdr 

min[o  ,a  ]R  Qp 

in  (7.2)  does  not  affect  the  result.  A  few  minor  changes  are  necessary  which 
are  left  to  the  reader. 

For  the  continuity  up  to  the  boundary  the  same  arguments  of  section  6  are 
valid  in  the  present  situation.  The  proof  is  complete. 
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